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Purpose of Course 

Quantum mechanics was developed during the first few decades of the twentieth century via a se- 
ries of inspired guesses made by various physicists, including Planck, Einstein, Bohr, Schrodinger, 
Heisenberg, Pauli, and Dirac. All of these scientists were trying to construct a self-consistent the- 
ory of microscopic dynamics that was compatible with experimental observations. The purpose of 
this course is to present quantum mechanics in a systematic fashion, starting from the fundamental 
postulates, and developing the theory in as logical a manner as possible. 
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1 Fundamental Concepts 



1.1 Breakdown of Classical Physics 

The necessity for a departure from classical physics is demonstrated by the following phenomena: 

1. Anomalous Atomic and Molecular Stability. According to classical physics, an electron 
orbiting an atomic nucleus undergoes acceleration and should, therefore, lose energy via the 
continuous emission of electromagnetic radiation, causing it to gradually spiral in towards 
the nucleus. Experimentally, this is not observed to happen. 

2. Anomalously Low Atomic and Molecular Specific Heats. According to the equipartition 
theorem of classical physics, each degree of freedom of an atomic or molecular system 
should contribute R/2 to its molar specific heat capacity, where R is the molar ideal gas 
constant. In fact, only the translational, and some rotational, degrees of freedom seem to 
contribute. The vibrational degrees of freedom appear to make no contribution at all (except 
at high temperatures). Incidentally, this fundamental problem with classical physics was 
known and appreciated by the middle of the nineteenth century. Stories that physicists at 
the steirt of the twentieth century thought that classical physics explained everything, and 
that there was nothing left to discover, are largely apocryphal (see Feynman, Volume I, 
Chapter 40). 

3. Ultraviolet Catastrophe. According to classical physics, the equilibrium energy density of 
an electromagnetic field contained within a vacuum cavity whose walls are held at a fixed 
temperature is infinite, due to a divergence of energy carried by short wavelength modes. 
This divergence is called the ultraviolet catastrophe. Experimentally, there is no such diver- 
gence, and the total energy density is finite. 

4. Wave-Particle Duality. Classical physics treats waves and particles as completely distinct 
phenomena. However, various experiments (e.g., the interference of light, the photoelectric 
effect, electron diffraction) demonstrate that waves sometimes act as if they were streams 
of particles, and streams of particles sometimes act as if they were waves. This behavior is 
completely inexplicable within the framework of classical physics. 

1.2 Photon Polarization 

It is known experimentally that if plane polarized light is used to eject photo-electrons then there 
is a preferred direction of emission of the electrons. Clearly, the polarization properties of light, 
which are more usually associated with its wave-like behavior, also extend to its particle-like be- 
havior. In particular, a polarization can be ascribed to each individual photon in a beam of light. 

Consider the following well-known experiment. A beam of plane polarized light is passed 
through a polarizing film, which is normal to the beam's direction of propagation, and which has 
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the property that it is only transparent to hght whose plane of polarization lies perpendicular to 
its optic axis (which is assumed to lie in the plane of the film). Classical electromagnetic wave 
theory tells us that if the beam is polarized perpendicular to the optic axis then all of the light is 
transmitted, if the beam is polarized parallel to the optic axis then none of the light is transmitted, 
and if the light is polarized at an angle a to the axis then a fraction sin^ a of the beam energy is 
transmitted. Let us try to account for these observations at the individual photon level. 

A beam of light that is plane polarized in a certain direction is made up of a stream of photons 
which are each plane polarized in that direction. This picture leads to no difficulty if the plane of 
polarization lies parallel or perpendicular to the optic axis of the polarizing film. In the former 
case, none of the photons are transmitted, and, in the latter case, all of the photons are transmitted. 
But, what happens in the case of an obliquely polarized incident beam? 

The previous question is not very precise. Let us reformulate it as a question relating to the 
result of some experiment that we could perform. Suppose that we were to fire a single photon at 
a polarizing film, cuid then look to see whether or not it emerges on the other side. The possible 
results of the experiment are that either a whole photon (whose energy is equal to the energy of 
the incident photon) is observed, or no photon is observed. Any photon that is transmitted though 
the film must be polarized perpendicular to the film's optic axis. Furthermore, it is impossible 
to imagine (in physics) finding part of a photon on the other side of the film. If we repeat the 
experiment a great number of times then, on average, a fraction sin^ a of the photons are transmitted 
through the film, and a fraction cos^ a are absorbed. Thus, given that the trials are statistically 
independent of one another, we must conclude that a photon has a probability sin a of being 
transmitted as a photon polarized in the plane perpendicular to the optic axis, and a probability 
cos^ a of being absorbed. These values for the probabilities lead to the correct classical limit for a 
beam containing a large number of photons. 

Note that we have only been able to preserve the individuality of photons, in all cases, by aban- 
doning the determinacy of classical theory, and adopting a fundamentally probabilistic approach. 
We have no way of knowing whether an individual obliquely polarized photon is going to be ab- 
sorbed by, or transmitted through, a polarizing film. We only know the probability of each event 
occurring. This is a fairly sweeping statement. Recall, however, that the state of a photon is fully 
specified once its energy, direction of propagation, and polarization are known. If we imagine 
performing experiments using monochromatic light, normally incident on a polarizing film, with a 
particular oblique polarization, then the state of each individual photon in the beam is completely 
specified, and nothing remains to uniquely determine whether the photon is transmitted or absorbed 
by the film. 

The above discussion about the results of an experiment with a single obliquely polarized 
photon incident on a polarizing film answers all that can be legitimately asked about what happens 
to the photon when it reaches the film. Questions as to what determines whether the photon is 
transmitted or not, or how it changes its direction of polarization, are illegitimate, because they 
do not relate to the outcome of a possible experiment. Nevertheless, some further description is 
needed, in order to allow the results of this experiment to be correlated with the results of other 
experiments that can be performed using photons. 

The further description provided by quantum mechanics is as follows. It is supposed that a pho- 
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ton polarized obliquely to the optic axis can be regarded as being partly in a state of polarization 
parallel to the axis, and partly in a state of polarization perpendicular to the axis. In other words, 
the oblique polarization state is some sort of superposition of two states of parallel and perpen- 
dicular polarization. Because there is nothing special about the orientation of the optic axis in our 
experiment, we deduce that any state of polarization can be regarded as a superposition of two mu- 
tually perpendicular states of polarization. When we cause a photon to encounter a polarizing film, 
we are subjecting it to an observation. In fact, we are observing whether it is polarized parallel or 
perpendicular to the film's optic axis. The effect of making this observation is to force the photon 
entirely into a state of parallel or perpendicular polarization. In other words, the photon has to 
jump suddenly from being partly in each of these two states to being entirely in one or the other of 
them. Which of the two states it will jump into cannot be predicted, but is governed by probability 
laws. If the photon jumps into a state of parallel polarization then it is absorbed. Otherwise, it 
is transmitted. Note that, in this example, the introduction of indeterminacy into the problem is 
clearly coimected with the act of observation. In other words, the indeterminacy is related to the 
inevitable disturbance of the system associated with the act of observation. 

1.3 Fundamental Principles of Quantum Mechanics 

There is nothing special about the transmission and absorption of photons through a polarizing 
film. Exactly the same conclusions as those outlined above are obtained by studying other simple 
experiments, such as the interference of photons (see Dirac, Section 1.3), and the Stem-Gerlach 
experiment (see Sakurai, Chapter 1; Feynman, Chapter 5). The study of these simple experiments 
leads us to formulate the following fundamental principles of quantum mechanics: 

1. Dirac's Razor. Quantum mechanics can only answer questions regarding the outcome of 
possible experiments. Any other questions lie beyond the realms of physics. 

2. Principle of the Superposition of States. Any microscopic system (i.e., an atom, molecule, 

or particle) in a given state can be regarded as being partly in each of two or more other 
states. In other words, any state can be regarded as a superposition of two or more other 
states. Such superpositions can be performed in an infinite number of different ways. 

3. Principle of Indeterminacy. An observation made on a microscopic system causes it to 
jump into one or more particular states (which are related to the type of observation). It 
is impossible to predict into which final state a particular system will jump. However, the 
probability of a given system jumping into a given final state can be predicted. 

The first of these principles was formulated by quantum physicists (such as Dirac) in the 1920's 
to fend off awkward questions such as "How can a system suddenly jump from one state into 
another?", or "How does a system decide which state to jump into?". As we shall see, the second 
principle is the basis for the mathematical formulation of quantum mechanics. The final principle 
is still rather vague. We need to extend it so that we can predict which possible states a system can 
jump into after a particular type of observation, as well as the probability of the system making a 
particular jump. 
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1.4 Ket Space 

Consider a microscopic system composed of particles, or bodies, with specific properties (mass, 
moment of inertia, etc.) interacting according to specific laws of force. There will be various 
possible motions of the particles, or bodies, consistent with these laws of force. Let us term each 
such motion a state of the system. According to the principle of superposition of states, any given 
state c£in be regarded as a superposition of two or more other states. Thus, states must be related 
to mathematical quantities of a kind that can be added together to give other quantities of the same 
kind. The most obvious examples of such quantities are vectors. 

Let us consider a particular microscopic system in a particular state, which we label A: e.g., 
a photon with a particular energy, momentum, and polarization. We can represent this state as a 
particular vector, which we also label A, residing in some vector space, where the other elements 
of the space represent all of the other possible states of the system. Such a space is called a ket 
space (after Dirac). The state vector A is conventionally written 

|A). (1.1) 

Suppose that state A is, in fact, the superposition of two difi'erent states, B and C. This interrelation 
is represented in ket space by writing 

\A) = \B) + \C), (1.2) 

where |B) is the vector relating to the state B, etc. For instance, state \B) might represent a photon 
propagating in the z-direction, and plane polarized in the x-direction, and state |C) might represent a 
similar photon plane polarized in the {/-direction. In this case, the sum of these two states represents 
a photon whose plane of polarization makes an angle of 45° with both the x- and j/-directions (by 
analogy with classical physics). This latter state is represented by \B) + \C) in ket space. 

Suppose that we want to construct a state whose plane of polarization makes an arbitrary angle 
a with the x-direction. We can do this via a suitably weighted superposition of states B and C. By 
analogy with classical physics, we require cos a of state B, and sin a of state C. This new state is 
represented by 

cosQr|5) + sinorlC) (1.3) 

in ket space. Note that we cannot form a new state by superposing a state with itself. For instance, 
a photon polarized in the j/-direction superposed with another photon polarized in the j/-direction 
(with the same energy and momentum) gives the same photon. This implies that the ket vector 

Ci|A) + C2|A) = (ci + C2)|A) (1.4) 

corresponds to the same state that |A) does. Thus, ket vectors differ from conventional vectors in 
that their magnitudes, or lengths, are physically irrelevant. All the states of the system are in one 
to one correspondence with all the possible directions of vectors in the ket space, no distinction 
being made between the directions of the ket vectors |A) and -|A). There is, however, one caveat 
to the above statements. If ci + C2 = then the superposition process yields nothing at all: i.e., no 
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state. The absence of a state is represented by the null vector |0) in ket space. The null vector has 
the fairly obvious property that 

\A) + \0) = \A) (1.5) 

for any vector |A>. The fact that ket vectors pointing in the same direction represent the same state 
relates ultimately to the queintization of matter: i.e., the fact that it comes in irreducible packets 
called photons, electrons, atoms, etc. If we observe a microscopic system then we either see a state 
(i.e., a photon, or an atom, or a molecule, etc.) or we see nothing — we can never see a fraction or 
a multiple of a state. In classical physics, if we observe a wave then the amplitude of the wave can 
take any value between zero and infinity. Thus, if we were to represent a classical wave by a vector 
then the magnitude, or length, of the vector would correspond to the amplitude of the wave, and 
the direction would correspond to the frequency and wavelength, so that two vectors of different 
lengths pointing in the same direction would represent different wave states. 

We have seen, in Equation (1.3), that any plane polarized state of a photon can be represented 
as a linear superposition of two orthogonal polarization states in which the weights are real num- 
bers. Suppose that we want to construct a circularly polarized photon state. Well, we know from 
classical physics that a circularly polarized wave is a superposition of two waves of equal ampli- 
tude, plane polarized in orthogonal directions, which oscillate in phase quadrature. This suggests 
that a circularly polarized photon is the superposition of a photon polarized in the jt-direction (state 
B) and a photon polarized in the j/-direction (state C), with equal weights given to the two states, 
but with the proviso that state C oscillates 90° out of phase with state B. By analogy with classical 
physics, we can use complex numbers to simultaneously represent the weighting and relative phase 
in a linear superposition. Thus, a circularly polarized photon is represented by 

\B) + i\C) (1.6) 

in ket space. A general elliptically polarized photon is represented by 

ci|fi) + C2|C), (1.7) 

where ci and C2 are complex numbers. We conclude that a ket space must be a complex vec- 
tor space if it is to properly represent the mutual interrelations between the possible states of a 
microscopic system. 

Suppose that the ket \R) is expressible linearly in terms of the kets |A) and \B), so that 

\R) = c,\A) + C2\B). (1.8) 

We say that \R) is dependent on \A) and \B). It follows that the state R can be regarded as a linear 
superposition of the states A and B. So, we can also say that state R is dependent on states A and 
B. In fact, any ket vector (or state) that is expressible linearly in terms of certain others is said to 
be dependent on them. Likewise, a set of ket vectors (or states) are termed independent if none of 
them are expressible linearly in terms of the others. 

The dimensionality of a conventional vector space is defined as the number of independent vec- 
tors contained in that space. Likewise, the dimensionality of a ket space is equivalent to the number 
of independent ket vectors it contains. Thus, the ket space that represents the possible polarization 
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states of a photon propagating in the z-direction is two-dimensional (the two independent vectors 
correspond to photons plane polarized in the x- and j/-directions, respectively). Some microscopic 
systems have a finite number of independent states (e.g., the spin states of an electron in a mag- 
netic field). If there are N independent states then the possible states of the system are represented 
as an A^-dimensional ket space. Some microscopic systems have a denumerably infinite number 
of independent states (e.g., a particle in an infinitely deep, one-dimensional, potential well). The 
possible states of such a system are represented as a ket space whose dimensions are denumerably 
infinite. Such a space can be treated in more or less the same manner as a finite-dimensional space. 
Unfortunately, some microscopic systems have a nondenumerably infinite number of independent 
states (e.g., a free particle). The possible states of such a system are represented as a ket space 
whose dimensions are nondenumerably infinite. This type of space requires a slightly diff'erent 
treatment to spaces of finite, or denumerably infinite, dimensions (see Section 1.15). 

In conclusion, the states of a general microscopic system can be represented as a complex 
vector space of (possibly) infinite dimensions. Such a space is termed a Hilbert space by mathe- 
maticians. 

1.5 Bra Space 

A snack machine inputs coins plus some code entered on a key pad, and (hopefully) outputs a 
snack. It also does so in a deterministic manner: i.e., the same money plus the same code produces 
the same snack (or the same error message) time after time. Note that the input and output of 
the machine have completely different natures. We can imagine building a rather abstract snack 
machine which inputs ket vectors and outputs complex numbers in a deterministic fashion. Math- 
ematicians call such a machine di functional. Imagine a general functional, labeled F, acting on 
a general ket vector, labeled A, and spitting out a general complex number 0^- This process is 
represented mathematically by writing 



Let us narrow our focus to those functional that preserve the linear dependencies of the ket vectors 
upon which they operate. Not surprisingly, such functionals are termed linear junctionals. A 
general linear functional, labeled F, satisfies 



where \A) and \B) are any two kets in a given ket space. 

Consider an A/^-dimensional ket space [i.e., a finite-dimensional, or denumerably infinite di- 
mensional (i.e., oo), space]. Let the |j) (where / runs from 1 to A'^) represent N independent 
ket vectors in this space. A genereil ket vector can be written^ 



<F|(|A» = <I>A. 



(1.9) 



<F|(|A) + |fi» = <F|(|A» + <F|(|5», 



(1.10) 




(1.11) 



(=1,JV 



Actually, this is only strictly trae for finite-dimensional spaces. Only a special subset of denumerably infinite 
dimensional spaces have this property (i.e., they are complete). However, because a ket space must be complete if it is 
to represent the states of a microscopic system, we need only consider this special subset. 
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where the at are an arbitrary set of complex numbers. The only way that the functional F can 
satisfy Equation (1.10) for all vectors in the ket space is if 

{F\(\A))=Yjfi(^i, (1-12) 

where the are a set of complex numbers relating to the functional. 
Let us define N basis functional (/| which satisfy 

{mj)) = Sij. (1.13) 

Here, the Kronecker delta symbol is defined such that 6ij = 1 if / = j, and 6ij = otherwise. It 
follows from the previous three equations that 

{F\= J]fi{i\. (1.14) 

But, this implies that the set of all possible linear functionals acting on an A^-dimensional ket space 
is itself an A'^-dimensional vector space. This type of vector space is called a bra space (after 
Dirac), and its constituent vectors (which are actually functionals of the ket space) are called bra 
vectors. Note that bra vectors are quite different in nature to ket vectors (hence, these vectors are 
written in mirror image notation, (• • • | and | • • • ), so that they can never be confused). Bra space 
is an example of what mathematicians call a dual vector space (i.e., it is dual to the original ket 
space). There is a one to one correspondence between the elements of the ket space and those of 
the related bra space. So, for every element A of the ket space, there is a corresponding element, 
which it is also convenient to label A, in the bra space. That is, 

|A) ^ <A|, (1.15) 

where DC stands for dual correspondence. 

There are an infinite number of ways of setting up the correspondence between vectors in a ket 
space and those in the related bra space. However, only one of these has any physical significance. 
(See Section 1.11.) For a general ket vector A, specified by Equation (1.11), the corresponding bra 
vector is written 

<A|= Yja*{i\, (1.16) 

/=l,A' 

where the a* are the complex conjugates of the a,. <A| is termed the dual vector to \A). It follows, 
from the above, that the dual to c \A) is c* {A\, where c is a complex number. More generally, 

DC 

ci\A) + C2\B)^cl{A\ + cl{B\. (1.17) 

Recall that a bra vector is a functional that acts on a general ket vector, and spits out a complex 
number. Consider the functional which is dual to the ket vector 



\B)= J]M) (1.18) 
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acting on the ket vector |A). This operation is denoted {B\{\A)). Note, however, that we can omit 
the round brackets without causing any ambiguity, so the operation can also be written {B\\A). This 
expression can be further simplified to give {B\A). According to Equations (1.11), (1.13), (1.16), 
and (1.18), 

{B\A)= Yjfi*ai. (1.19) 

Mathematicians term {B\A) the inner product of a bra and a ket.^ An iimer product is (almost) anal- 
ogous to a scalar product between covariant and contravariant vectors in curvilinear coordinates. 
It is easily demonstrated that 

{B\A) = {A\Br. (1.20) 

Consider the special case where \B) —> \A). It follows from Equations (1.19) and (1.20) that (A|A) 
is a real number, and that 

<A|A) > 0. (1.21) 

The equality sign only holds if |A) is the null ket [i.e., if all of the at are zero in Equation (1.11)]. 
This property of bra and ket vectors is essential for the probabilistic interpretation of quantum 
mechanics, as will become apparent in Section 1.11. 
Two kets |A) and \B) are said to be orthogonal if 

(A\B} = 0, (1.22) 

which also implies that {B\A) = 0. 

Given a ket |A), which is not the null ket, we can define a normalized ket |A), where 

|A) = (-4=)|A), (1.23) 



V(AjA) 
with the property 

<A|A) = 1. (1.24) 

Here, V(AjA) is known as the norm or "length" of |A), and is analogous to the length, or magnitude, 
of a conventional vector. Because |A) and c |A) represent the same physical state, it makes sense to 
require that all kets corresponding to physical states have unit norms. 

It is possible to define a dual bra space for a ket space of nondenumerably infinite dimensions 
in much the same manner as that described above. The main differences are that summations 
over discrete labels become integrations over continuous labels, Kronecker delta symbols become 
Dirac delta functions, completeness must be assumed (it cannot be proved), and the normalization 
convention is somewhat diff'erent. (See Section 1.15.) 



^We can now appreciate the elegance of Dirac's notation. The combination of a bra and a ket yields a "bra(c)ket" 
(which is just a complex number). 
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1.6 Operators 

We have seen that a functional is a machine that inputs a ket vector and spits out a complex number. 
Consider a somewhat different machine that inputs a ket vector and spits out another ket vector in 
a deterministic fashion. Mathematicians call such a machine an operator. We are only interested 
in operators that preserve the linear dependencies of the ket vectors upon which they act. Such 
operators are termed linear operators. Consider an operator labeled X. Suppose that when this 
operator acts on a general ket vector \A) it spits out a new ket vector which is denoted X\A). 
Operator X is linear provided that 

X{\A) + \B)) = X\A)+X\B), (1.25) 

for all ket vectors \A) and \E), and 

X{c\A)) = cX\A), (1.26) 
for all complex numbers c. Operators X and Y are said to be equal if 

X\A) = Y\A) (1.27) 

for cill kets in the ket space in question. Operator X is termed the null operator if 

X|A) = |0) (1.28) 

for all ket vectors in the space. Operators can be added together. Such addition is defined to obey 
a commutative and associate algebra: i.e., 

X+Y=Y + X, (1.29) 
X + {Y + Z) = {X+Y) + Z. (1.30) 

Operators can also be multiplied. The multiplication is associative: 

X{Y\A)) = {XY)\A)=XY\A), (1.31) 
X{YZ) = {XY)Z = XYZ. (1.32) 

However, in general, it is non-commutative: i.e., 

XYi^YX. (1.33) 

So far, we have only considered linear operators acting on ket vectors. We can also give a 
meaning to their operation on bra vectors. Consider the inner product of a general bra {B\ with the 
ket X\A). This product is a number that depends linearly on \A). Thus, it may be considered to 
be the inner product of |A) with some bra. This bra depends linearly on {B\, so we may look on it 
as the result of some linear operator applied to {B\. This operator is uniquely determined by the 
original operator X, so we might as well call it the same operator acting on {B\. A suitable notation 



12 



QUANTUM MECHANICS 



to use for the resulting bra when X operates on {B\ is {B\ X. The equation which defines this vector 
is 

({B\X}\A) = {B\iX\A)) (1.34) 

for any |A) and {B\. The triple product of {B\, X, and \A) can be written {B\ X \A) without ambiguity, 
provided we adopt the convention that the bra vector always goes on the left, the operator in the 
middle, and the ket vector on the right. 

Consider the dual bra to X \A). This bra depends antilinearly on \A) and must therefore depend 
linearly on {A\. Thus, it may be regarded as the result of some linear operator applied to {A\. This 
operator is termed the adjoint of X, and is denoted XK Thus, 

X\A}^{A\XK (1.35) 

It is readily demonstrated that 

{B\xUA} = {A\X\Br, (1.36) 

plus 

(XYy = Y^X\ (1.37) 

It is also easily seen that the adjoint of the adjoint of a linear operator is equivalent to the original 
operator. An Hermitian operator ^ has the special property that it is its own adjoint: i.e., 

^ = ^\ (1.38) 



1.7 Outer Product 

So far, we have formed the following products: {B\A), X\A), {A\X, XY, {B\X\A). Are there any 
other products we are allowed to form? How about 

mA\ ? (1.39) 

This clearly depends linearly on the bra (A| and the ket \B). Suppose that we right-multiply the 
above product by the general ket |C). We obtain 

\B){A\C) = {A\C)\B), (1.40) 

since (A|C) is just a number. Thus, \B){A\ acting on a general ket |C) yields another ket. Clearly, 
the product \B){A\ is a linear operator. This operator also acts on bras, as is easily demonstrated by 
left-multiplying the expression (1.39) by a general bra (C|. It is also easily demonstrated that 

{\B){A\f = \A){B\. (1.41) 

Mathematicians term the operator \B){A\ the outer product of \B) and (A|. The outer product should 
not be confused with the inner product, {A\B), which is just a number. 
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1.8 Eigenvalues and Eigenvectors 

In general, the ket X \A) is not a constant multiple of |A). However, there are some special kets 
known as the eigenkets of operator X. These are denoted 

\x'},\x"},\x"'), (1.42) 

and have the property 

X\x') = x'W), X\x") = x"\x"), (1.43) 

where x', x", ... are numbers called eigenvalues. Clearly, applying X to one of its eigenkets yields 
the same eigenket multiplied by the associated eigenvalue. 

Consider the eigenkets and eigenvalues of a Hermitian operator ^. These are denoted 

^ir) = rirx (1.44) 

where |^') is the eigenket associated with the eigenvalue Three important results are readily 
deduced: 

( i) The eigenvalues are all real numbers, and the eigenkets corresponding to different eigenval- 
ues are orthogonal. Since ^ is Hermitian, the dual equation to Equation (1.44) (for the eigenvalue 
^") reads 

If we left-multiply Equation (1.44) by {^"\, right-multiply the above equation by |^'), and take the 
difference, we obtain 

(r-r*)<nr) = o. (1.46) 

Suppose that the eigenvalues ^' and ^" are the same. It follows from the above that 

r=r% (1-47) 

where we have used the fact that |^') is not the null ket. This proves that the eigenvalues are real 
numbers. Suppose that the eigenvalues ^' and ^" are different. It follows that 

<rir) = 0, (1.48) 

which demonstrates that eigenkets corresponding to different eigenveilues are orthogonal. 

( ii) The eigenvalues associated with eigenkets are the same as the eigenvalues associated with 
eigenbras. An eigenbra of ^ corresponding to an eigenvalue ^' is defined 

<ri^ = <^'ir- (1-49) 

( Hi) The dual of any eigenket is an eigenbra belonging to the same eigenvalue, and conversely. 
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1.9 Observables 

We have developed a mathematical fomialism that comprises three types of objects — ^bras, kets, 
and linear operators. We have already seen that kets can be used to represent the possible states 
of a microscopic system. However, there is a one to one correspondence between the elements 
of a ket space and its dual bra space, so we must conclude that bras could just as well be used to 
represent the states of a microscopic system. What about the dynamical variables of the system 
(e.g., its position, momentum, energy, spin, etc.)? How can these be represented in our formalism? 
Well, the only objects we have left over are operators. We, therefore, assume that the dynamical 
variables of a microscopic system are represented as linear operators acting on the bras and kets 
that correspond to the various possible states of the system. Note that the operators have to be 
linear, otherwise they would, in general, spit out bras/kets pointing in different directions when fed 
bras/kets pointing in the same direction but differing in length. Since the lengths of bras and kets 
have no physical significance, it is reasonable to suppose that non-linear operators are also without 
physical significance. 

We have seen that if we observe the polarization state of a photon, by placing a polarizing 
film in its path then the result is to cause the photon to jump into a state of polarization parallel 
or perpendicular to the optic axis of the film. The former state is absorbed, and the latter state is 
transmitted (which is how we tell them apart). In general, we cannot predict into which state a 
given photon will jump (except in a statistical sense). However, we do know that if the photon is 
initially polarized parallel to the optic axis then it will definitely be absorbed, and if it is initially 
polarized perpendicular to the axis then it will definitely be transmitted. We also know that, after 
passing though the film, a photon must be in a state of polarization perpendicular to the optic 
axis (otherwise it would not have been transmitted). We can make a second observation of the 
polarization state of such a photon by placing an identical polarizing film (with the same orientation 
of the optic axis) immediately behind the first film. It is clear that the photon will definitely be 
transmitted through the second film. 

There is nothing specid about the polarization states of a photon. So, more generally, we can 
say that if a dynamical variable of a microscopic system is measured then the system is caused 
to jump into one of a number of independent states (note that the perpendicular and parallel po- 
larization states of our photon are linearly independent). In general, each of these final states is 
associated with a different result of the measurement: i.e., a different value of the dynamical vari- 
able. Note that the result of the measurement must be a real number (there are no measurement 
machines which output complex numbers). Finally, if an observation is made, and the system is 
found to be a one particular final state, with one particular value for the dynamical variable, then 
a second observation, made immediately after the first one, will definitely find the system in the 
same state, and yield the same value for the dynamical variable. 

How c£in we represent all of these facts in our mathematical formalism? Well, by a fairly 
non-obvious leap of intuition, we £ire going to assert that a measurement of a dynamical variable 
corresponding to an operator X in ket space causes the system to jump into a state corresponding 
to one of the eigenkets ofX. Not surprisingly, such a state is termed an eigenstate. Furthermore, 
the result of the measurement is the eigenvalue associated with the eigenket into which the system 
jumps. The fact that the result of the measurement must be a real number implies that dynami- 
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cal variables can only be represented by Hermitian operators (because only Hermitian operators 
are guarantee! to have real eigenvalues). The fact that the eigenkets of a Hermitian operator cor- 
responding to different eigenvalues (i.e., different results of the measurement) are orthogonal is 
in accordance with our earlier requirement that the states into which the system jumps should be 
mutually independent. We can conclude that the result of a measurement of a dynamical variable 
represented by a Hermitian operator f must be one of the eigenvalues of ^. Conversely, every 
eigenvalue of ^ is a possible result of a measurement made on the corresponding dynamical vari- 
able. This gives us the physical significance of the eigenvalues. (From now on, the distinction 
between a state and its representative ket vector, and a dynamical variable and its representative 
operator, will be dropped, for the sake of simplicity.) 

It is reasonable to suppose that if a certain dynamical variable ^ is measured with the system in 
a particular state then the states into which the system may jump on account of the measurement 
are such that the original state is dependent on them. This fairly innocuous statement has two 
very important corollaries. First, immediately after an observation whose result is a particular 
eigenvalue the system is left in the associated eigenstate. However, this eigenstate is orthogonal 
to (i.e., independent of) any other eigenstate corresponding to a different eigenvalue. It follows that 
a second measurement made immediately after the first one must leave the system in an eigenstate 
corresponding to the eigenvalue In other words, the second measurement is bound to give the 
same result as the first. Furthermore, if the system is in an eigenstate of ^, corresponding to an 
eigenvalue then a measurement of ^ is bound to give the result ^' . This follows because the 
system cannot jump into an eigenstate corresponding to a different eigenvalue of ^, because such 
a state is not dependent on the original state. Second, it stands to reason that a measurement of ^ 
must always yield some result. It follows that no matter what the initial state of the system, it must 
always be able to jump into one of the eigenstates of ^. In other words, a general ket must always 
be dependent on the eigenkets of ^. This can only be the case if the eigenkets form a complete 
set (i.e., they span ket space). Thus, in order for a Hermitian operator ^ to be observable its 
eigenkets must form a complete set. A Hermitian operator that satisfies this condition is termed an 
observable. Conversely, any observable quantity must be a Hermitian operator with a complete set 
of eigenstates. 



1.10 Measurements 

We have seen that a measurement of some observable ^ of a microscopic system causes the system 
to jump into one of the eigenstates of ^. The result of the measurement is the associated eigenvalue 
(or some function of this quantity). It is impossible to determine into which eigenstate a given 
system will jump, but it is possible to predict the probability of such a transition. So, what is 
the probability that a system in some initial state |A) makes a transition to an eigenstate |^') of an 
observable ^, as a result of a measurement made on the system? Let us start with the simplest 
case. If the system is initially in an eigenstate |^') then the transition probability to a eigenstate |^") 
corresponding to a different eigenvalue is zero, and the transition probability to the same eigenstate 
1^') is unity. It is convenient to normalize our eigenkets such that they all have unit norms. It follows 
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from the orthogonality property of the eigenkets that 

<rr) = 6^,^>. (1.50) 

For the moment, we are assuming that the eigenvalues of ^ are all different. 

Note that the probability of a transition from an initial eigenstate |^') to a final eigenstate |^") 
is the same as the value of the inner product {^'|^"). Can we use this correspondence to obtain a 
general rule for calculating transition probabilities? Well, suppose that the system is initially in 
a state |A) which is not an eigenstate of ^. Can we identify the transition probability to a final 
eigenstate |^') with the inner product (A|^')? In fact, we cannot because {A\^') is, in general, a 
complex number, and complex probabilities do not make any sense. Let us try again. Suppose 
that we identify the transition probability with the modulus squared of the inner product, KA|^')| ^ ? 
This quantity is definitely a positive number (so it could be a probability). This guess also gives 
the right answer for the transition probabilities between eigenstates. In fact, it is the correct guess. 

Because the eigenstates of an observable ^ form a complete set, we can express any given state 
\A) as a linear combination of them. It is easily demonstrated that 

iA) = 2ir)<riA), (1.51) 
<A| = (1-52) 

<A|A) = Yj{A\0{m = Yj (1-53) 

where the summation is over all the different eigenvalues of ^, and use has been made of Equa- 
tion (1.20), as well as the fact that the eigenstates are mutually orthogonal. Note that all of the 
above results follow from the extremely useful (and easily proved) result 

where 1 denotes the identity operator. The relative probability of a transition to an eigenstate |^'), 
which is equivalent to the relative probability of a measurement of ^ yielding the result is 

PiOocmol'. (1.55) 

The absolute probability is clearly 

If the ket |A) is normalized such that its norm is unity then this probability simply reduces to 



p(r) = KAir)|2. 



(1.57) 



Fundamental Concepts 



17 



1.11 Expectation Values 

Consider an ensemble of microscopic systems prepared in the same initial state |A). Suppose that a 
measurement of the observable ^ is made on each system. We know that each measurement yields 
the value ^' with probability P{^'). What is the mean value of the measurement? This quantity, 
which is generally referred to as the expectation value of ^, is given by 

= Yj^'P{0 = Yj^'mO\^ = Y,^'{A\0{m = J](A|^|f Xf |A), (1.58) 

f f 

which reduces to 

<^) = <A|^|A) (1.59) 

with the aid of Equation (1.54). 

Consider the identity operator, 1 . All states are eigenstates of this operator with the eigenvalue 
unity. Thus, the expectation value of this operator is always unity: i.e., 

<A|1|A) = <A|A) = 1, (1.60) 

for all |A). Note that it is only possible to normalize a given ket |A), such that Equation (1.60) is 
satisfied, because of the more general property (1.21) of the norm. This property depends on the 
previously adopted correspondence (1.16) between the elements of a ket space and those of its dual 
bra space. 



1.12 Degeneracy 

Suppose that two different eigenstates |^^) and |^^) of the observable ^ correspond to the same 
eigenvalue These states are termed degenerate eigenstates. Degenerate eigenstates are neces- 
sarily orthogonal to any eigenstates corresponding to different eigenvalues, but, in general, they are 
not orthogonal to each other (i.e., the proof of orthogonality given in Section 1.8 does not work in 
this case). This is unfortunate, because much of the previous formalism depends crucially on the 
mutual orthogonality of the different eigenstates of an observable. Note, however, that any linear 
combination of |^^) and |^^) is also an eigenstate corresponding to the eigenvalue ^' . It follows that 
we can always construct two mutually orthogonal degenerate eigenstates. For instance. 



(1.61) 
(1.62) 



This result is easily generalized to the case of more than two degenerate eigenstates. We conclude 
that it is always possible to construct a complete set of mutually orthogonal eigenstates for any 
given observable. 
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1.13 Compatible Observables 

Suppose that we wish to simultaneously measure two observables, ^ and rj, of a microscopic sys- 
tem? Let us assume that we possess an apparatus that is capable of measuring ^, and another that 
can measure ?/. For instance, the two observables in question might be the projection in the x- and 
z-directions of the spin angular momentum of a spin one-half particle. These could be measured 
using appropriate Stern-Gerlach apparatuses (see Sakurai, Section 1.1). Suppose that we make a 
measurement of ^, and the system is consequently thrown into one of the eigenstates of ^, |^'), 
with eigenvalue What happens if we now make a measurement of rjl Well, suppose that the 
eigenstate |^') is also an eigenstate of rj, with eigenvalue rj'. In this case, a measurement of r] will 
definitely give the result rj'. A second measurement of ^ will definitely give the result and so 
on. In this sense, we can say that the observables f and rj simultaneously have the values ^' and 
T]', respectively. Clearly, if all eigenstates of ^ are also eigenstates of 77 then it is always possible to 
make a simultaneous measurement of ^ and rj. Such observables are termed compatible. 

Suppose, however, that the eigenstates of ^ are not eigenstates of 77. Is it still possible to mea- 
sure both observables simultaneously? Let us again make an observation of ^ which throws the 
system into an eigenstate |^'), with eigenvalue We can now make a second observation to de- 
termine 77. This will throw the system into one of the (many) eigenstates of 77 which depend on 
1^'). In principle, each of these eigenstates is associated with a different result of the measurement. 
Suppose that the system is thrown into an eigenstate ]?]'), with the eigenvalue rj'. Another measure- 
ment of ^ will throw the system into one of the (many) eigenstates of ^ which depend on |?7'). Each 
eigenstate is again associated with a different possible result of the measurement. It is clear that 
if the observables ^ and 77 do not possess simultaneous eigenstates then if the value of ^ is known 
(i.e., the system is in an eigenstate of ^) then the value of 77 is uncertain (i.e., the system is not in 
an eigenstate of 77), and vice versa. We say that the two observables are incompatible. 

We have seen that the condition for two observables ^ and 77 to be simultaneously measurable 
is that they should possess simultaneous eigenstates (i.e., every eigenstate of ^ should also be an 
eigenstate of 77). Suppose that this is the case. Let a general eigenstate of ^, with eigenvalue also 
be an eigenstate of 77, with eigenvalue 77'. It is convenient to denote this simultaneous eigenstate 
If 77'). We have 



We can left-multiply the first equation by 77, and the second equation by ^, and then take the 
difference. The result is 



for each simultaneous eigenstate. Recall that the eigenstates of an observable must form a complete 
set. It follows that the simultaneous eigenstates of two observables must also form a complete set. 
Thus, the above equation implies that 



^1^77') = rim 
^ir'7') = ^'im 



(1.63) 
(1.64) 



(^'7-^^)ir^') = io) 



(1.65) 



(^ 77 - 77 ^)|A) = |0), 



(1.66) 
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where |A) is a general ket. The only way that this can be true is if 

^77 = 77^. (1.67) 

Thus, the condition for two observables ^ and rj to be simultaneously measurable is that they should 
commute. 

1.14 Uncertainty Relation 

We have seen that if ^ and rj are two noncommuting observables then a determination of the value 
of ^ leaves the value of vj uncertain, and vice versa. It is possible to quantify this uncertainty. For 
a general observable ^, we can define a Hermitian operator 

A^ = ^-{^), (1.68) 

where the expectation value is taken over the particular physical state under consideration. It is 
obvious that the expectation value of is zero. The expectation value of {A^)'^ = A^A^ is termed 
the variance of ^, and is, in general, non-zero. In fact, it is easily demonstrated that 

mf) = {e)-{^f- (1-69) 

The variance of ^ is a measure of the uncertainty in the value of ^ for the particular state in question 
(i.e., it is a measure of the width of the distribution of likely values of ^ about the expectation value). 
If the variance is zero then there is no uncertainty, and a measurement of ^ is bound to give the 
expectation value, <^). 

Consider the Schwarz inequality 

{A\A){B\B)>\{A\B)\\ (1.70) 

which is analogous to 

|a|2|b|2>|a-b|2 (1.71) 
in Euclidian space. This inequality can be proved by noting that 

m + c*{B\){\A) + c\B))>Q, (1.72) 

where c is any complex number. If c takes the special value -{B\A)I{B\B) then the above inequality 
reduces to 

{A\A){B\B)-\{A\B)\^>Q, (1.73) 

which is the same as the Schwarz inequality. 
Let us substitute 



\A)=A^\), (1.74) 
\B)=Ar^\), (1.75) 
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into the Schwarz inequality, where the blank ket | ) stands for any general ket. We find 

{(A^fK(Jrj)^)>\{A^Jrj)\\ (1.76) 
where use has been made of the fact that and Ai] are Hermitian operators. Note that 

A^Arj = ^ [A^,Arj] + ^ {A^,Arj} , (1.77) 

where the commutator, {A^,Arj\, and the anti-commutator, {A^,At]}, are defined 

[A^,Ar]]^A^Arj-ArjA^, (1.78) 
{A^,Ari] = A^At] + AriA^. (1.79) 

The commutator is clearly anti-Hermitian, 

{{A^,ArT\)^ = {A^Ari - ArjA^Y = Ar]A^ - A^Ar] = - [A^,Ari] , (1.80) 

whereas the anti-commutator is obviously Hermitian. Now, it is easily demonstrated that the ex- 
pectation value of an Hermitian operator is a real number, whereas the expectation value of an 
anti-Hermitian operator is an imaginary number. It follows that the right-hand side of 

{A^Arj) = ^ {[A^,Arj]) + ^ m,A7j}), (1.81) 

consists of the sum of an imaginary and a real number. Taking the modulus squared of both sides 
gives 

mAnr = \ m,nW + \ (i-82) 

where use has been made of (A^) = 0, etc. The final term on the right-hand side of the above 
expression is positive definite, so we can write 

mf){{Aijf) > mAi^r > \ m,n])\\ (1-83) 

where use has been made of Equation (1.76). The above expression is termed the uncertainty 
relation. According to this relation, an exact knowledge of the value of ^ implies no knowledge 
whatsoever of the value of 77, and vice versa. The one exception to this rule is when ^ and 77 
commute, in which case exact knowledge of ^ does not necessarily imply no knowledge of 77. 

1.15 Continuous Spectra 

Up to now, we have studiously avoided dealing with observables possessing eigenvalues that lie 
in a continuous range, rather than having discrete values. The reason for this is that continuous 
eigenvalues imply a ket space of nondenumerably infinite dimension. Unfortunately, continuous 
eigenvalues are unavoidable in quantum mechanics. In fact, the most important observables of 
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all — namely position and momentum — generally have continuous eigenvalues. Fortunately, many 
of the results that we obtained previously for a finite-dimensional ket space with discrete eigenval- 
ues can be generalized to ket spaces of nondenumerably infinite dimensions. 

Suppose that ^ is an observable with continuous eigenvalues. We can still write the eigenvalue 
equation as 

^\0 = e\0- (1-84) 

But, ^' can now take a continuous range of values. Let us assume, for the sake of simplicity, that 
^' can take any value. The orthogonality condition (1.50) generalizes to 

where 6(x) denotes the famous Dirac delta function, and satisfies 

dxfix) 6(x - x) = fix) (1.86) 



for any function, f(x), that is well-behaved at jc = x'. Note that there are clearly a nondenumer- 
ably infinite number of mutually orthogonal eigenstates of ^. Hence, the dimensionality of ket 
space is nondenumerably infinite. Furthermore, eigenstates corresponding to a continuous range 
of eigenvalues cannot be normalized such that they have unit norms. In fact, these eigenstates have 
infinite norms: i.e., they are infinitely long. This is the major diff'erence between eigenstates in 
a finite-dimensional and an infinite-dimensional ket space. The extremely useful relation (1.54) 
generalizes to 



Note that a summation over discrete eigenvalues goes over into an integral over a continuous range 
of eigenvalues. The eigenstates |^') must form a complete set if ^ is to be an observable. It follows 
that any general ket can be expanded in terms of the |^'). In fact, the expansions (1.51)-(1.53) 
generalize to 

iA) = J^^rirxriA), (1.88) 

(A| = J d^' {A\^'){^'\, (1.89) 
<A|A) = J d^' {A\0{^'\A) = j d^'\(A\0\'. (1.90) 

These results also follow simply from Equation (1.87). We have seen that it is not possible to 
normalize the eigenstates |^') such that they have unit norms. Fortunately, this convenient nor- 
malization is still possible for a general state vector. In fact, according to Equation (1.90), the 
normalization condition can be written 

<A|A) = JjfKAO' = l. (1.91) 
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We have now studied observables whose eigenvalues take a discrete number of values, as well 
as those whose eigenvalues take a continuous range of values. There are a number of other cases 
we could look at. For instance, observables whose eigenvalues can take a (finite) continuous range 
of values, plus a set of discrete values. Such cases can be dealt with using a fairly straightforward 
generalization of the previous analysis (see Dirac, Chapters II and III). 



Exercises 

1 . 1 According to classical physics, a non-relativistic electron whose instantaneous acceleration 
is of magnitude a radiates electromagnetic energy at the rate 

2 2 

P= ^ 



6n 6o ' 

where e is the magnitude of the electron charge, 6o the permittivity of the vacuum, and 
Me the electron mass. Consider a classical electron in a circular orbit of radius r around a 
proton. Demonstrate that the radiated energy would cause the orbital radius to decrease in 
time according to 

d ( 1 



dt \aQ I T 

where aq = 4?? eb ^^/('"e ^^) is the Bohr radius, fi the reduced Planck constant, and 

_ Up 

Here, c is the velocity of light in a vacuum, and a = e^/(4n eo fi c) the fine structure constant. 
Deduce that the classical lifetime of a hydrogen atom is t =^ 1.6 x 10"^^ s. 

1.2 Demonstrate that 

{B\A) = {A\Br 

in a finite dimensional ket space. 

1.3 Demonstrate that in a finite dimensional ket space: 

(a) 

{B\X^\A} = {A\X\Br. 

(b) 
(c) 

(Xt)t = X. 

(d) 

(|5)<A|)t = |A)<5|. 
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Here, X, Y are general operators. 

1 .4 If A, B are Hermitian operators then demonstrate that A 5 is only Hermitian provided A and 
B commute. In addition, show that (A + By is Hermitian, where n is a positive integer. 

1 .5 Let A be a general operator. Show that A + A^ i (A - A^), and A A^ are Hermitian operators. 

1.6 Let H be an Hermitian operator. Demonstrate that the Hermitian conjugate of the operator 
exp(i//) = Z„=o,oo(i^)7'^! is exp(-i//). 

1.7 Let the |^'> be the eigenkets of an observable ^, whose corresponding eigenvalues, are 
discrete. Demonstrate that 

where the sum is over all eigenvalues, and 1 denotes the unity operator. 

1.8 Let the where / = 1, A'^, and > 1, be a set of degenerate eigenkets of some observable 
^. Suppose that the £ire not mutually orthogonal. Demonstrate that a set of mutually 
orthogonal (but unnormalized) degenerate eigenkets, |^"), for / = 1, A'^, can be constructed 
as follows: 

This process is known as Gram-Schmidt orthogonalization. 

1.9 Demonstrate that the expectation value of a Hermitian operator is a real number. Show that 
the expectation value of an anti-hermitian operator is an imaginary number. 

1.10 Let H be an Hermitian operator. Demonstrate that (H^) >0. 

1.11 Consider an Hermitian operator, H, that has the property that H'^ = I, where 1 is the unity 
operator. What are the eigenvalues of What are the eigenvalues if H is not restricted to 
being Hermitian? 

1.12 Let ^ be an observable whose eigenvalues, lie in a continuous range. Let the |^'), where 

<rr) = <5(r-rx 

be the corresponding eigenkets. Demonstrate that 

J r)<fi = i, 

where the integral is over the whole range of eigenvalues, and 1 denotes the unity operator. 
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2 Position and Momentum 



2.1 Introduction 

So far, we have considered general dynamical variables represented by general linear operators 
acting in ket space. However, in classical mechanics, the most important dynamical variables are 
those involving position and momentum. Let us investigate the role of such variables in quantum 
mechanics. 

In classical mechanics, the position q and momentum p of some component of a dynamical 
system are represented as real numbers which, by definition, commute. In quantum mechanics, 
these quantities are represented as non-commuting linear Hermitian operators acting in a ket space 
that represents all of the possible states of the system. Our first task is to discover a quantum 
mechanical replacement for the classical result q p - pq = 0- 



2.2 Poisson Brackets 

Consider a dynamical system whose state at a particular time t is fully specified by independent 
classical coordinates ^, (where / runs from 1 to N). Associated with each generalized coordinate 
qi is a classical canonical momentum p,. For instance, a Cartesian coordinate has an associated 
linear momentum, an angular coordinate has an associated angular momentum, etc. As is well- 
known, the behavior of a classical system can be specified in terms of Lagrangian or Hamiltonian 
dynamics. For insteince, in Hamiltonian dynamics, 

§ = IT' 

at opi 

dpi _ dH ^2 2^ 

dt dqi ' 

where the function H(qi,pi,t) is the system energy at time t expressed in terms of the classical 
coordinates and canonical momenta. This function is usually referred to as the Hamiltonian of the 
system. 

We are interested in finding some construct in classical dynamics that consists of products of 
dynamical variables. If such a construct exists then we hope to generalize it somehow to obtain a 
rule describing how dynamical variables commute with one another in quantum mechanics. There 
is, indeed, one well-known construct in classical dynamics that involves products of dynamical 
variables. The classical Poisson bracket of two dynamical variables u and v is defined 

^ I du dv du dv \ 
[u,v]ci= } ^^], (2.3) 



^^Jydqidpi dpidqil' 



where u and v are regarded as functions of the coordinates and momenta, q, and pi. It is easily 
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demonstrated that 

[qi,qj]ci = 0, (2.4) 

[PhPj]ci = 0, (2.5) 

Pj]d = dij. (2.6) 

The time evolution of a dynamical variable can also be written in terms of a Poisson bracket by 
noting that 

du y-\ / 5m dqi ^ du dpi\ Idu dH du dH\ ^ 

where use has been made of Hamilton's equations, (2.1)-(2.2). 

Can we construct a quantum mechanical Poisson bracket in which u and v are non-commuting 
operators, instead of functions? Well, the main properties of the classical Poisson bracket are as 
follows: 



[U, V]cl 


= -[V,u\cl, 


(2.8) 


[m, C]ct 


= 0, 


(2.9) 


[Ml + U2,v]cl 


= [UuV]cl + [U2,v]cl, 


(2.10) 


[U, Vi + V2]d 


= [u,Vi]cl + [u,V2]d, 


(2.11) 


[Ml M2, V]d 


= [UuV]clU2 + Ml [U2,v]cl, 


(2.12) 


[U, Vi V2\d 


= [u,Vi]clV2 + Vi [u,V2]d, 


(2.13) 


[m, [d, W\cl\d + \P, {W, Mjdlc/ + \W, [m, V\cl\d 


= 0. 


(2.14) 



The last relation is known as the Jacobi identity. In the above, u, v, w, etc., represent dynamical 
variables, and c represents a number. Can we find some combination of non-commuting operators 
M and V, etc., that satisfies all of the above relations? We shall refer to such a combination as a 
quantum mechanical Poisson bracket. 

Actually, we can evaluate the quantum mechanical Poisson bracket [mi M2, vi V2]qm in two dif- 
ferent ways, because we can employ either of the formulae (2.12) or (2.13) first. Thus, 

[mi U2, Vi V2]qm — ["!> Vi V2]qm "2 + [U2, Vi V2]qm 

= ([Ml, Vi]qr„ V2 + 1^1 [«!, i^ll^m) "2 + "l (["2, l^llgm V2 + Vi [U2, V2]qm) 

= [Ml, Vi]qm V2 U2 + 1^1 [Ul,V2]qm "2 + ["2, «^l]gm V2 + Ml Vi [U2, V2]qm, (2.15) 

and 

[Ml M2, 1^1 V2]qm = ["l "2, ^ l]?m V2 + 1^1 ["l "2, V2]qm 

= [Ml, Vi]q,n U2 1^2 + "l ["2, l^llgm ^2 + 1^1 ["l, V2]qm "2 + Vi Mi [M2, V2\qm- (2.16) 
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Note that the order of the various factors has been preserved, because they now represent non- 
commuting operators. Equating the above two results yields 

[Ml, f^ll^m ("2 V2 - V2 M2) = («! 1^1 " I'l "l) ["2, l^2]?m- (2.17) 

Since this relation must hold for ui and vi quite independent of U2 and V2, it follows that 

uivi-viui =in[ui,vi]q,„, (2.18) 

U2V2-V2U2 = ifi [U2, V2]gm, (2. 19) 

where Ti does not depend on ui, vi, U2, V2, and also commutes with (wi vi - vi ui). Because ui, etc., 
are general operators, it follows that Ti is just a number. We want the quantum mechanical Poisson 
bracket of two Hermitian operators to be a Hermitian operator itself, because the classical Poisson 
bracket of two real dynamical variables is real. This requirement is satisfied if ^ is a real number. 
Thus, the quantum mechanical Poisson bracket of two dynamical variables u and v is given by 



uv — vu 

[U,v]qm = TT , (2.20) 

in 



where His a new universal constant of nature. Quantum mechanics agrees with experiments pro- 
vided that fi takes the value h/2n, where 



h = 6.6261 X 10"^^ Js (2.21) 



[w,y]?m = ^^- (2.22) 



is Planck's constant. The notation [u, v] is conventionally reserved for the commutator uv - vuin 
quantum mechanics. Thus, 

[u, v] 

in 

It is easily demonstrated that the quantum mechanical Poisson bracket, as defined above, satisfies 
all of the relations (2.8)-(2.14). 

The strong analogy we have found between the classical Poisson bracket, defined in Equa- 
tion (2.3), and the quantum mechanical Poisson bracket, defined in Equation (2.22), leads us to 
assume that the quantum mechanical bracket has the same value as the corresponding classical 
bracket, at least for the simplest cases. In other words, we are assuming that Equations (2.4)- 
(2.6) hold for quantum mechanical as well as classical Poisson brackets. This argument yields the 
fundamental commutation relations 

[q.,qj] = 0, (2.23) 
[Pi,Pj] = 0, (2.24) 
[qi,Pj]=in6ij. (2.25) 

These results provide us with the basis for calculating commutation relations between general 
dynamical variables. For instance, if two dynamical variables, ^ and rj, can both be written as a 
power series in the qi and pi then repeated application of Equations (2.8)-(2.13) allows [^, rj] to be 
expressed in terms of the fundamental conmiutation relations (2.23)-(2.25). 
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Equations (2.23)-(2.25) provide the foundation for the analogy between quantum mechanics 
and classical mechanics. Note that the classical result (that everything commutes) is obtained in the 
limit ^ ^ 0. Thus, classical mechanics can be regarded as the limiting case of quantum mechanics 
when h goes to zero. In classical mechanics, each pair of generalized coordinate and its conjugate 
momentum, qi and p,, correspond to a different classical degree of freedom of the system. It is clear 
from Equations (2.23)-(2.25) that in quantum mechanics the dynamical variables corresponding 
to different degrees of freedom all commute. It is only those variables corresponding to the same 
degree of freedom that may fail to commute. 



2.3 Wavefunctions 

Consider a simple system with one classical degree of freedom, which corresponds to the Cartesian 
coordinate x. Suppose that x is free to take any value (e.g., x could be the position of a free particle). 
The classical dynamical variable x is represented in quantum mechanics as a linear Hermitian 
operator which is also called jc. Moreover, the operator jc possesses eigenvalues xf lying in the 
continuous range -oo < x' < +oo (since the eigenvalues correspond to all the possible results of 
a measurement of x). We can span ket space using the suitably normalized eigenkets of x. An 
eigenket corresponding to the eigenvalue x' is denoted \x'). Moreover, [see Equation (1.85)] 

{x'W) = Six" - x"). (2.26) 

The eigenkets satisfy the extremely useful relation [see Equation (1.87)] 

dx'\x'){x'\ = I. (2.27) 



\J — o 



This formula expresses the fact that the eigenkets Eire complete, mutually orthogonal, and suitably 

normalized. 

A state ket \A) (which represents a general state A of the system) can be expressed as a linear 
superposition of the eigenkets of the position operator using Equation (2.27). Thus, 

X+oo 
dx" <x'|A)|x') (2.28) 

The quantity {x'\A) is a complex function of the position eigenvalue x'. We can write 

<jc'|A) = i/fAix'). (2.29) 

Here, i^a(-^') is the famous wavefunction of quantum mechanics. Note that state A is completely 
specified by its wavefunction iI/a{x') [because the wavefunction can be used to reconstruct the state 
ket |A) using Equation (2.28)]. It is clear that the wavefunction of state A is simply the collection of 
the weights of the corresponding state ket |A), when it is expanded in terms of the eigenkets of the 
position operator. Recall, from Section 1.10, that the probability of a measurement of a dynamical 
variable ^ yielding the result ^' when the system is in state A is given by |<^'|A)| ^, assuming that the 
eigenveilues of ^ are discrete. This result is easily generalized to dynamical variables possessing 
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continuous eigenvalues. In fact, the probability of a measurement of x yielding a result lying in the 
range x' to x' + dx' when the system is in a state \A) is \{x'\A)\^ dx' . In other words, the probability 
of a measurement of position yielding a result in the range x! to xf -\-dx! when the wavefunction of 
the system is ^Ai.x!) is 

P{x', dx') = \i/fA(x')\ ^ dx'. (2.30) 

This formula is only valid if the state ket \A) is properly normalized: i.e., if (A|A) = 1. The 
corresponding normeilization for the wavefunction is 



f 

\J —o 



dx! \iI/a{x'T = I. (2.31) 



Consider a second state B represented by a state ket \B) and a wavefunction iI/b{^)- The inner 
product {B\A) can be written 

X+oo /^+oo 
dx' {B\x'){x'\A) = I dx' xI/b{,x')iI/j,{x'), (2.32) 
OO kJ —CO 

where use has been made of Equations (2.27) and (2.29). Thus, the inner product of two states is 
related to the overlap integral of their wavefunctions. 

Consider a general function f(x) of the observable x [e.g., f(x) = x^]. If \B) = f{x) \A) then it 
follows that 

X+oo f*+00 
dx" Mx") \x"} = dx" fix") (Aa(^') {x'\x"}, (2.33) 
OO kJ — OO 

giving 

Mx') = f(x')Mx'), (2.34) 

where use has been made of Equation (2.26). Here, f(x') is the same function of the position 
eigenvalue x' that f(x) is of the position operator jc: i.e., if f(x) = x^ then f{x') = xf'^. It follows, 
from the above result, that a general state ket |A) can be written 

|A) = ^a(x)), (2.35) 

where tJ/Aix) is the same function of the operator x that the wavefunction iI/a(x') is of the position 
eigenvalue x', and the ket ) has the wavefunction i/rix') = 1. The ket ) is termed the standard ket. 
The dual of the standard ket is termed the standard bra, and is denoted (. It is easily seen that 

irAix) ^ Mx)). (2.36) 



Note, finally, that iI/a{x)) is often shortened to if/ a), leaving the dependence on the position operator 
X tacitly understood. 
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2.4 Schrodinger Representation 

Consider the simple system described in the previous section. A general state ket can be written 

iff(x)), where iff(x) is a general function of the position operator x, and i/^(x') is the associated 
wavefunction. Consider the ket whose wavefunction is dtpix')! dx' . This ket is denoted dil/jdx). 
The new ket is clearly a linear function of the original ket, so we can think of it as the result of 
some linear operator acting on Let us denote this operator didx. It follows that 

d dil/ 

-T'l'^ = -r>- (2.37) 
dx dx 

Any linear operator that acts on ket vectors can also act on bra vectors. Consider djdx acting 
on a general bra {<p{x). According to Equation (1.34), the bra {(pd/dx satisfies 

<0^U) = <,^(^^)V (2.38) 



dx) \dx 
Making use of Equations (2.27) and (2.29), we can write 

r dx' {(f>^\x')i//(x')= f dx'<p(x')^^^j^. (2.39) 

—oo CIX kJ —oo 

The right-hand side can be transformed via integration by parts to give 

r dx'{cp^\x')ilfix') = - [ dx'^^i/^ix'), (2.40) 

kJ—oo ^X kJ—oo ^X 

assuming that the contributions from the limits of integration vanish. It follows that 

d , dd>(x') 

(0:rl^> = -^^' (2.41) 

dx dx' 

which implies that 

d d(b 

<'^:r = -</- (2.42) 

dx dx 

The neglect of contributions from the limits of integration in Equation (2.40) is reasonable because 
physical wavefunctions are square-integrable [see Equation (2.31)]. Note that 

d dd/ DC dil/* ^ d 

:r -A) = /) ^ (-7^ = -ir -r^ (2-43) 

dx dx dx dx 

where use has been made of Equation (2.42). It follows, by comparison with Equations (1.35) and 
(2.36), that 

d\^ d 



dx] dx ^ ^ 



Thus, djdx is an anti-Hermitian operator. 
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Let us evaluate the commutation relation between the operators jc and d/dx. We have 

d d(x lA) d 

-x^) = -y^) = X - ^) + ^^). (2.45) 
ax dx dx 

Since this holds for any ket it follows that 

^x-x-^ = 1. (2.46) 
dx dx 

Let Px be the momentum conjugate to x (for the simple system under consideration is a straight- 
forward linear momentum). According to Equation (2.25), x and p satisfy the commutation relation 

xpx- PxX = ifi. (2.47) 

It can be seen, by comparison with Equation (2.46), that the Hermitian operator -i fi d/dx satisfies 
the same commutation relation with x that px does. The most general conclusion which may be 
drawn from a comparison of Equations (2.46) and (2.47) is that 

Px = -ih-^+f{x), (2.48) 
dx 

since (as is easily demonstrated) a general function f(x) of the position operator automatically 
commutes with x. 

We have chosen to normalize the eigenkets and eigenbras of the position operator such that they 
satisfy the normalization condition (2.26). However, this choice of normalization does not uniquely 
determine the eigenkets and eigenbras. Suppose that we transform to a new set of eigenbras which 
are related to the old set via 

(X'inew = e'^'<x'|oid, (2.49) 

where 7' = y(x') is a real function of x'. This transformation amounts to a rearrangement of the 
relative phases of the eigenbras. The new normalization condition is 

<^'|x")„ew = (x'|e'^'e-'^"|;c")oid = e^^^'-^"\;c'|x")oid 

= e'(^'-^"> 5(jc' - x") = 6{x! - x"). (2.50) 

Thus, the new eigenbras satisfy the same normalization condition as the old eigenbras. 

By definition, the standard ket ) satisfies <x'|) = 1. It follows from Equation (2.49) that the new 
standard ket is related to the old steindard ket via 

)new = e ^'')o\d-, (2.51) 

where 7 = y{x) is a real function of the position operator x. The dual of the above equation yields 
the transformation rule for the standard bra, 

(new=(olde^^. (2.52) 
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The transformation rule for a general operator A follows from Equations (2.51) and (2.52), plus 
the requirement that the triple product (A) remain invariant (this must be the case, otherwise the 
probability of a measurement yielding a certain result would depend on the choice of eigenbras). 
Thus, 

A„ew = e-'^Aoide'^ (2.53) 

Of course, if A commutes with x then A is invariant under the transformation. In fact, d/dx is the 
only operator (that we know of) which does not commute with x, so Equation (2.53) yields 

l±] =e-^-e^^ = - + i^, (2.54) 

where the subscript "old" is taken as read. It follows, from Equation (2.48), that the momentum 
operator can be written 

p- = -^^i-r] + (2.55) 

Thus, the special choice 

nj(x) = J dx' fix') (2.56) 

yields 

Px = -i^(^j . (2.57) 

Equation (2.56) fixes y to within an arbitrary additive constant: i.e., the special eigenkets and 
eigenbras for which Equation (2.57) is true are determined to within an arbitrary common phase- 
factor. 

In conclusion, it is possible to find a set of basis eigenkets and eigenbras of the position operator 
X that satisfy the normalization condition (2.26), and for which the momentum conjugate to x can 
be represented as the operator 

p, = -in-^. (2.58) 
dx 

A general state ket is written i/'(x)), where the standard ket ) satisfies <x'|) = 1, and where i^(x') = 
{xfli/fix)) is the wavefunction. This scheme of things is known as the Schrddinger representation, 
and is the basis of wave mechanics. 



2.5 Generalized Schrodinger Representation 

In the preceding section, we developed the Schrodinger representation for the case of a single 
operator jc corresponding to a classical Cartesian coordinate. However, this scheme can easily 
be extended. Consider a system with generalized coordinates, qi--- q^, which can all be si- 
multaneously measured. These are represented as A'^ commuting operators, q\ - • • Qn, each with a 
continuous range of eigenvalues, q\ - ■ ■ q'j^. Ket space is conveniently spanned by the simultaneous 
eigenkets of • • • q^, which are denoted \q\ • • • q'j^). These eigenkets must form a complete set, 
otherwise the q\ - --qN would not be simultaneously observable. 



Position and Momentum 



33 



The orthogonality condition for the eigenkets [i.e., the generaUzation of Equation (2.26)] is 

(q'l ■ ■ ■ qWI ■■■qN) = Si.q\ - q'{) Siq'^ - q'^) ■ ■ ■ 6(q'^ - q'^,). (2.59) 
The completeness condition [i.e., the generalization of Equation (2.27)] is 

X+oo r*-¥oo 
• • • j dq\--- dq'f^ \q[ • • • ^^X^'i ' ' ' ^/vl = 1 • (2-60) 

The standard ket ) is defined such that 

{q[---q'^\)=l. (2.61) 
The standard bra < is the dual of the standard ket. A general state ket is written 

Hqi---qN)). (2.62) 

The associated wavefunction is 

>l^iq\ •••q'N) = (q\ • • • ^wlfA)- (2.63) 

Likewise, a general state bra is written 

{(p(qi---qN), (2.64) 

where 

cpiq\---q'^) = {(f>\q[---q'N). (2.65) 

The probability of an observation of the system simultaneously finding the first coordinate in the 
range q[ to q[ + dq\, the second coordinate in the range q'^ to q'2 + dq'^, etc., is 

P(9; ■■■q'^;dq\--- dq'^) = \Hq\ ■ ■ ■ q',,)\ ^ dq\ ■ ■ ■ dq'^. (2.66) 

Finally, the normalization condition for a physical wavefunction is 

X+oo /^+0O 
••• dq[---dq'^\ilf(q[---q'^)\^ = l. (2.67) 
00 kJ —00 

The A'^ linear operators d/dqi (where / runs from 1 to N) are defined 

d 8(1/ 

^^) = ^)- (2.68) 
oqi dqt 

These linear operators can also act on bras (provided the associated wavefunctions are square 
integrable) in accordance with [see Equation (2.42)] 
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Corresponding to Equation (2.46), we can derive the commutation relations 

d d 
dqi ' dqi 

It is also clear that 

^ «A) = ^-^) = ^ ^ -A), (2.71) 

oqi dqj oqidqj dqj dqt 



showing that 

d d d d 



(2.72) 



dqi dqj dqj dqi 

It can be seen, by comparison with Equations (2.23)-(2.25), that the linear operators -i hd/dqi 
satisfy the same commutation relations with the ^'s and with each other that the p's do. The most 
general conclusion we can draw from this coincidence of commutation relations is (see Dirac) 

oqi dqi 

However, the function F can be transformed away via a suitable readjustment of the phases of the 
basis eigenkets (see Section 2.4, and Dirac). Thus, we can always construct a set of simultaneous 
eigenkets ofqi---qN for which 

Pi = -in^. {2.1 A) 

oqi 

This is the generalized Schrodinger representation. 

It follows from Equations (2.61), (2.68), and (2.74) that 

Pi) = 0. (2.75) 

Thus, the standard ket in the Schrodinger representation is a simultaneous eigenket of all the mo- 
mentum operators belonging to the eigenvalue zero. Note that 

, d , , dil/ dip{q\ ■■■q') d , 

{q[ ■■■q'N\^^) = {q\ ■■■q'N\^)= \ , = ^ <^ • • • (2-V6) 
dqi dqi dq\ dq'. 

Hence, 

Wi ■■■^n\^ = ^Wi--- q'Nl (2.77) 
oqi dq'. 

so that 

(q'l ••■q'Nl Pi ^ ~^ ^ ^ ■ ■ ■ ^^1- 

The dual of the above equation gives 

d 

Pi\q[---q'^} = in — \q[---q'^}. (2.79) 
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2.6 Momentum Representation 

Consider a system with one degree of freedom, describable in terms of a coordinate x and its 
conjugate momentum p „ both of which have a continuous range of eigenvalues. We have seen that 
it is possible to represent the system in terms of the eigenkets of x. This is termed the Schrodinger 
representation. However, it is also possible to represent the system in terms of the eigenkets of px- 
Consider the eigenkets of px which belong to the eigenvalues p^. These are denoted \p'J. The 
orthogonality relation for the momentum eigenkets is 

ip'M) = Sip'x - P'D, (2.80) 
and the corresponding completeness relation is 



X+oc 
oo 



.+00 

dp'MXp'J = l. (2.81) 

%J — oo 

A general state ket can be written 

cpip)) (2.82) 

where the standard ket ) satisfies 

ip'xl) = 1- (2.83) 

Note that the standard ket in this representation is quite different to that in the Schrodinger repre- 
sentation. The momentum space wavefunction (p(p'J satisfies 

W = (P'M (2.84) 

The probability that a measurement of the momentum yields a result lying in the range p'^ to 
p'^ + dp'^ is given by 

P{p'^,dp'x) = mp'x)\'dp'x. (2.85) 
Finally, the normalization condition for a physical momentum space wavefunction is 

dp'x\cp{p'xt = \. (2.86) 



U —a 



The fundamental commutation relations (2.23)-(2.25) exhibit a particular symmetry between 
coordinates and their conjugate momenta. If all the coordinates are transformed into their conju- 
gate momenta, and vice versa, and i is then replaced by -i, then the conmiutation relations are 
unchanged. It follows from this symmetry that we can always choose the eigenkets of px in such a 
manner that the coordinate x can be represented as (see Section 2.4) 

x = in-f-. (2.87) 
dpx 



This is termed the momentum representation. 
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The above result is easily generalized to a system with more than one degree of freedom. 
Suppose the system is specified by A'' coordinates, qi--- q^, and conjugate momenta, pi--- Pn- 
Then, in the momentum representation, the coordinates can be written as 

qi = in^. (2.88) 

OPi 

We also have 

qd = 0, (2.89) 

and 

{p[---PN\qi = ^fig^(p'r--PN\- (2.90) 

The momentum representation is less useful than the Schrodinger representation for a very 
simple reason. The energy operator (i.e., the Hamiltonian) of most simple systems takes the form 
of a sum of quadratic terms in the momenta (i.e., the kinetic energy) plus a complicated function 
of the coordinates (i.e., the potential energy). In the Schrodinger representation, the eigenvalue 
problem for the energy translates into a second-order differential equation in the coordinates, with 
a complicated potential function. In the momentum representation, the problem transforms into a 
high-order differential equation in the momenta, with a quadratic potential. With the mathematical 
tools at our disposal, we are far better able to solve the former type of problem than the latter. 
Hence, the Schrodinger representation is generally more useful than the momentum representation. 



2.7 Uncertainty Relation 

How is a momentum space wavefunction related to the corresponding coordinate space wavefunc- 
tion? To answer this question, let us consider the representative {x'\p'J of the momentum eigenkets 
I/?') in the Schrodinger representation for a system with a single degree of freedom. This represen- 
tative satisfies 

p'Ax'lp'J = (ApAp'J = -in-^{x'\p'j, (2.91) 

where use has been made of Equation (2.78) (for the case of a system with one degree of freedom). 
The solution of the above differential equation is 

(x'\p',) = c'cxp(ip'^x'/n), (2.92) 

where c' = c'ip'J. It is easily demonstrated that 

{p'M}= I dx'{p'Jx'}{x'\p':} = c'*c" I dx' cxp[-i(p'^-p':)x'/n]. (2.93) 

kJ —CO \J —CO 

The well-known mathematical result 



f 

U —o. 



dx exp( i a x) = 2;r 6{a), (2.94) 
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yields 

{p'M) = \c'\^h6ip',-p':). (2.95) 
This is consistent with Equation (2.80), provided that c' = h~^l^. Thus, 

<x>;) = hr^'^ exp( i p'^ x'/h). (2.96) 

Consider a general state ket \A) whose coordinate wavefunction is i/f(x'), and whose momentum 
wavefunction is ^{p'^)- In other words, 

.A(x') = {AA), (2.97) 

W{p'^) = {p',\A). (2.98) 

It is easily demonstrated that 

dp'AAp'MA) = ^ J dp'^ np'J cxp(ip'^x'/n) (2.99) 



and 



X+oo -j^ /-»+oo 

J^' <p;k')(x'|A) = j^J dx' ilf{x') txp(-ip'^x'/n), (2.100) 



where use has been made of Equations (2.27), (2.81), (2.94), and (2.96). Clearly, the momentum 
space wavefunction is the Fourier transform of the coordinate space wavefunction. 

Consider a state whose coordinate space wavefunction is a wavepacket. In other words, the 
wavefunction only has non-negligible amplitude in some spatially localized region of extent zlx. As 
is well-known, the Fourier transform of a wavepacket fills up a wavenumber band of approximate 
extent Ak ~ 1 1 Ax. Note that in Equation (2.99) the role of the wavenumber k is played by the 
quantity p'^^IJi. It follows that the momentum space wavefunction corresponding to a wavepacket 
in coordinate space extends over a range of momenta zl/?^ ~ fijAx. Clearly, a measurement of x is 
almost certain to give a result lying in a range of width Ax. Likewise, measurement of p^ is almost 
certain to yield a result lying in a range of width zlp;^. The product of these two uncertainties is 



AxAp^ ~ n. (2.101) 

This result is called the Heisenberg uncertainty principle. 

Actually, it is possible to write the Heisenberg uncertainty principle more exactly by making 
use of Equation (1.83) and the commutation relation (2.47). We obtain 

{{Axf){{Ap,f)>^ (2.102) 

for any general state. It is easily demonstrated that the minimum uncertainty states, for which the 
equality sign holds in the above relation, correspond to Gaussian wavepackets in both coordinate 
and momentum space. 
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2.8 Displacement Operators 

Consider a system with one degree of freedom corresponding to the Cartesian coordinate x. Sup- 
pose that we displace this system some distance along the Jt-axis. We could imagine that the system 
is on wheels, and we just give it a little push. The final state of the system is completely deter- 
mined by its initial state, together with the direction and magnitude of the displacement. Note that 
the type of displacement we are considering is one in which everything to do with the system is 
displaced. So, if the system is subject to an external potential then the potential must be displaced. 

The situation is not so clear with state kets. The final state of the system only determines 
the direction of the displaced state ket. Even if we adopt the convention that all state kets have 
unit norms, the final ket is still not completely determined, because it can be multiplied by a 
constant phase-factor. However, we know that the superposition relations between states remain 
invariant under the displacement. This follows because the superposition relations have a physical 
significance that is unaffected by a displacement of the system. Thus, if 

\R) = \A) + \B) (2.103) 

in the undisplaced system, and the displacement causes ket \R) to transform to ket \Rd), etc., then 
in the displaced system we have 

\Rd) = \Ad) + \Bd). (2.104) 

Incidentally, this determines the displaced kets to within a single arbitrary phase-factor to be multi- 
plied into all of them. The displaced kets cannot be multiplied by individual phase-factors, because 
this would wreck the superposition relations. 

Since Equation (2.104) holds in the displaced system whenever Equation (2.103) holds in the 
undisplaced system, it follows that the displaced ket \Rd) must be the result of some linear operator 
acting on the undisplaced ket \R). In other words, 

\Rd) = D\R), (2.105) 

where D an operator that depends only on the nature of the displacement. The arbitrary phase- 
factor by which all displaced kets may be multiplied results in D being undetermined to an arbitrary 
multiplicative constant of modulus unity. 

We now adopt the ansatz that any combination of bras, kets, and dynamical variables that pos- 
sesses a physical significance is invariant under a displacement of the system. The normalization 
condition 

<A|A) = 1 (2.106) 
for a state ket |A) certainly has a physical significance. Thus, we must have 

{Ad\Ad) = 1. (2.107) 

Now, \Ad} = D |A) and {Ad\ = <A| D\ so 



<A|Z)+D|A) = 1. 



(2.108) 
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Because this must hold for any state ket |A), it follows that 

D^D=1. (2.109) 
Hence, the displacement operator is unitary. Note that the above relation implies that 

\A} = DUAd}. (2.110) 

The equation 

v\A)^\B), (2.111) 

where the operator v represents a dynamical variable, has some physical significance. Thus, we 
require that 

Vd\Ad) = \Bd), (2.112) 
where Vd is the displaced operator. It follows that 

Vd \Ad) = D\B) = Dv\A) = DvD^ \Ad). (2. 1 13) 

Since this is true for any ket \Ad), we have 

Vd = DvD\ (2.114) 

Note that the arbitrary numerical factor in D does not affect either of the results (2. 109) and (2. 1 14). 

Suppose, now, that the system is displaced an infinitesimal distance 5x along the jc-axis. We 
expect that the displaced ket \Ad) should approach the undisplaced ket |A) in the limit as 6x —> 0. 
Thus, we expect the limit 

to exist. Let 

J,= lim^^, (2.116) 

6x-^0 OX 

where dx is denoted the displacement operator along the x-axis. The fact that D can be replaced 
by D exp( i y), where y is a real phase-angle, implies that d^ can be replaced by 

,. Dexp(i7)-1 D-l+iy , . 

hm = hm ^ =d, + ia„ (2.117) 

6x^0 OX 6x^0 OX 

where ax is the limit of y/6x. We have assumed, as seems reasonable, that y tends to zero as 
6x —> 0. It is clear that the displacement operator is undetermined to an arbitrary imaginary 
additive constant. 

For small 5x, we have 

D=l+6xdx. (2.118) 

It follows from Equation (2.109) that 

(l+6xdh{l+6xdx) = l. (2.119) 
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Neglecting order (6x)^, we obtain 

dj+d, = 0. (2.120) 

Thus, the displacement operator is anti-Hermitian. Substituting into Equation (2.114), and again 
neglecting order {6xf, we find that 

= (1 + 6xdx)v{l - 6x dx) = V + Sx(dxV - vdx), (2.121) 

which implies 

lim =dxv-vdx. (2. 122) 

Sx-^O OX 

Let us consider a specific example. Suppose that a state has a wavefunction il/{x'). If the system 
is displaced a distance 5x along the x-axis then the new wavefunction is ^(x' - 6x) (i.e., the same 
shape shifted in the x-direction by a distance 6x). Actually, the new wavefunction can be multiplied 
by an arbitrary number of modulus unity. It can be seen that the new wavefunction is obtained from 
the old wavefunction according to the prescription x! ^ xf - 6x. Thus, 

Xd = X - dx. (2.123) 

A comparison with Equation (2.122), using x = v, yields 

dxX-xdx = -\. (2.124) 

It follows that i fi dx obeys the same commutation relation with x that px, the momentum conjugate 
to jc, does [see Equation (2.25)]. The most general conclusion we can draw from this observation 
is that 

Px = indx + fix), (2.125) 

where / is Hermitian (since px is Hermitian). However, the fact that dx is undetermined to an 
arbitrary additive imaginary constant (which could be a function of x) enables us to transform the 
function / out of the above equation, leaving 

Px = indx. (2.126) 

Thus, the displacement operator in the x-direction is proportional to the momentum conjugate to 
X. We say that px is the generator of translations along the x-axis. 

A finite translation along the x-axis can be constructed from a series of very many infinitesimal 
translations. Thus, the operator D{Ax) which translates the system a distance Ax along the x-axis 
is written ^ 

D{Ax) = lim 1 1 - i ^ ^ I , (2. 127) 



w-»oo \^ N % ^ 

where use has been made of Equations (2.1 18) and (2.126). It follows that 

D{Ax) = exp (-i Px Ax/n) . (2. 128) 



The unitary nature of the operator is now clearly apparent. 
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We can also construct displacement operators which translate the system along the y- and z- 
axes. Note that a displacement a distance Ax along the ^-axis commutes with a displacement a 
distance Ay along the i/-axis. In other words, if the system is moved Ax along the x-axis, and then 
Ay along the i/-axis, then it ends up in the same state as if it were moved Ay along the i/-axis, and 
then Ax along the x-axis. The fact that translations in independent directions commute is clearly 
associated with the fact that the conjugate momentum operators associated with these directions 
also commute [see Equations (2.24) and (2.128)]. 

Exercises 

2.1 Demonstrate that 

Vqi, qj\ci = 0, 

[Pi,Pj]cl = 0, 

[qi,Pj]ci = Sij, 

where [• • • , • • • ]c/ represents a classiceil Poisson bracket. Here, the 9, and /?, are the co- 
ordinates and corresponding canonical momenta of a classical, many degree of freedom, 
dynamical system. 

2.2 Verify that 

{u,v] = -[v,u\, 
[u, c] = 0, 

[Ml + U2, V] = [Ml, y] + [M2, v], 
[u,Vi + V2] = [u,Vi] + [U,V2\, 

[Ml M2, V] = [Ml, V] U2 + Ml [M2, v], 

[m, Vi V2\ = [m, Vi] V2 + Vi [m, V2], [m, [v, w]] + [v, [w, uj] + [w, [u, v]] = 0, 

where [• • • , • • • ] represents either a classical or a quantum mechanical Poisson bracket. 
Here, m, m, w, etc., represent dynamical variables (i.e., functions of the coordinates and 
canonical momenta of a dynamical system), and c represents a number. 

2.3 Consider a Gaussian wavepacket whose corresponding wavefunction is 

(x'-xo)^^ 



ij/(x') = i/ro exp 



4o-2 

where ij/o, xq, and cr are constants. Demonstrate that 
(a) 

(x) = Xq, 
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(b) 
(c) 



((Axf) = a\ 



(P) = 0, 

(d) 

{{.Apf) = 



Here, x and p area position operator and its conjugate momentum operator, respectively. 

2.4 Suppose that we displace a one-dimensional quantum mechanical system a distance a along 
the X-axis. The corresponding displacement operator is 

D(a) = exp (-i a/K) , 

where px is the momentum conjugate to the position operator x. Demonstrate that 

D(a) X D(a) ^ = x - a. 

[Hint: Use the momentum representation, x = ihd/dpx.] Similarly, demonstrate that 

D(a)xf"D(ay = (x-a)'". 

Hence, deduce that 

Dia) Vix)D{af = V{x-a), 
where V{x) is a general function of x. 

Let k = Px/K and let \k') denote an eigenket of the k operator belonging to the eigenvalue 
A^. Demonstrate that 

\A)= Yj Cn\k' + nka), 



n=— oo oo 



where the c„ are arbitrary complex coefficients, and ka = 2n/a, is an eigenket of the D(a) 
operator belonging to the eigenvalue exp(-i A' a). Show that the corresponding wavefunc- 
tion can be written 

Mx') = o"'''u(x'), 

where u(x' + a) = u(x') for all x'. 
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3 Quantum Dynamics 



3.1 Schrodinger Equation of Motion 

Up to now, we have only considered systems at one particular instant of time. Let us now investi- 
gate the time evolution if quantum mechanical systems. 

Consider a system in a state A that evolves in time. At time the state of the system is 
represented by the ket \At). The label A is needed to distinguish this ket from any other ket i\Bt), 
say) that is evolving in time. The label t is needed to distinguish the different states of the system 
at different times. 

The final state of the system at time t is completely determined by its initial state at time to 
plus the time interval t-to (assuming that the system is left undisturbed during this time interval). 
However, the final state only determines the direction of the final state ket. Even if we adopt the 
convention that all state kets have unit norms, the final ket is still not completely determined, be- 
cause it can be multiplied by an arbitrary phase-factor. However, we expect that if a superposition 
relation holds for certain states at time to then the same relation should hold between the corre- 
sponding time-evolved states at time t, assuming that the system is left undisturbed between times 
to and t. In other words, if 

\Rto) = \Ato} + \Bto) (3.1) 

for any three kets then we should have 

\Rt) = \At) + \Bt). (3.2) 

This rule determines the time-evolved kets to within a single arbitrary phase-factor to be multiplied 
into all of them. The evolved kets cannot be multiplied by individual phase-factors because this 
would invalidate the superposition relation at later times. 

According to Equations (3.1) and (3.2), the final ket \Rt) depends linearly on the initial ket 
\Rto). Thus, the final ket can be regeirded as the result of some linear operator acting on the initial 
ket: i.e., 

\Rt) = T\Rto), (3.3) 

where T is a linear operator that depends only on the times t and to. The arbitrary phase-factor by 
which all time-evolved kets may be multiplied results in T{t, to) being undetermined to an arbitrary 
multiplicative constant of modulus unity. 

Because we have adopted a convention in which the norm of any state ket is unity, it make 
sense to define the time evolution operator T in such a manner that it preserves the length of any 
ket upon which it acts (i.e., if a ket is properly normalized at time t then it will remain normalized 
at all subsequent times t > to). This is always possible, because the length of a ket possesses no 
physical significance. Thus, we require that 



{AtoWo) = {At\At) 



(3.4) 
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for any ket A, which immediately yields 

T^T = 1. (3.5) 

Hence, the time evolution operator T is unitary. 

Up to now, the time evolution operator T looks very much like the spatial displacement operator 
D introduced in the previous section. However, there are some important differences between 
time evolution and spatial displacement. In general, we do expect the expectation value of some 
observable ^ to evolve with time, even if the system is left in a state of undisturbed motion (after all, 
time evolution has no meaning unless something observable changes with time). The triple product 
<A| ^ \A) can evolve either because the ket |A) evolves and the operator ^ stays constant, the ket \A) 
stays constant and the operator ^ evolves, or both the ket |A) and the operator ^ evolve. Because 
we are already committed to evolving state kets, according to Equation (3.3), let us assume that 
the time evolution operator T can be chosen in such a manner that the operators representing the 
dynamical variables of the system do not evolve in time (unless they contain some specific time 
dependence). 

We expect, from physical continuity, that \ft ^ to then \At) —> \Ato) for any ket A. Thus, the 
limit 

\At)-\Ato) 7^-1,.,, 
lim = lim \Ato) (3.6) 

t^to t — to t-»fo t — to 

should exist. Note that this limit is simply the derivative of \Ato) with respect to to. Let 

T{t,to)-l 

T(to) = lim — - — . (3.7) 

t^to t - to 

It is easily demonstrated from Equation (3.5) that r is anti-Hermitian: i.e., 

+ T = 0. (3.8) 

The fact that T can be replaced by T exp( i y) (where y is real) implies that r is undetermined to 
an arbitrary imaginary additive constant (see Section 2.8). Let us define the Hermitian operator 
H(to) = i%T. This operator is undetermined to an arbitrary real additive constant. It follows from 
Equations (3.6) and (3.7) that 

.^d\Ato) .... \At)-\Ato) u/.M.,\ /am 

1 fi — — = 1 Ti lim = 1 fi T(to) \Ato) = H(to) \Ato). (3.9) 

dto t->to t — to 

When written for general t, this equation becomes 

in^^ = H{t)\At). (3.10) 
dt 

Equation (3.10) gives the general law for the time evolution of a state ket in a scheme in which 
the operators representing the dynamical variables remain fixed. This equation is denoted the 
Schrodinger equation of motion. It involves a Hermitian operator H(t) which is, presumably, a 
characteristic of the dynamical system under investigation. 
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We saw, in Section 2.8, that if the operator D{x, xq) displaces the system along the x-axis from 
xo to X then 

D(x,xo)-l 

Px = inhm , (3.11) 

x->xo X — Xo 

where is the operator representing the momentum conjugate to x. Furthermore, we have just 
shown that if the operator T{t, to) evolves the system in time from to t then 

H(to) = i^ lim Z^^^lMnl. (3.12) 

t-^to t - to 

Thus, the dynamical variable corresponding to the operator H stands to time t as the momentum 
stands to the coordinate x. By analogy with classical physics, this suggests that H(t) is the operator 
representing the total energy of the system. (Recall that, in classical physics, if the equations 
of motion of a system are invariant under an x-displacement of the system then this implies that 
the system conserves momentum in the x-direction. Likewise, if the equations of motion are 
invariant under a temporal displacement then this implies that the system conserves energy.) The 
operator H{t) is usually called the Hamiltonian of the system. The fact that the Hamiltonian is 
undetermined to an arbitrary real additive constant is related to the well-known phenomenon that 
energy is undetermined to an arbitrary additive constant in physics (i.e., the zero of potential energy 
is not well-defined). 

Substituting \At) = T \Ato} into Equation (3.10) yields 

in — \Ato) = m)T\Ato). (3.13) 
at 

Because this must hold for any initial state \Ato), we conclude that 

J'T' 

in—=H(t)T. (3.14) 
at 



This equation can be integrated to give 

\ ] r' 1 

(3.15) 



T(t,to) = eW^-^ J^^df Hif) 

where use has been made of Equations (3.5) and (3.6). (Here, we assume that Hamiltonian opera- 
tors evaluated at different times commute with one another.) The fact that H is undetermined to an 
arbitrary real additive constant leaves T undetermined to a phase-factor. Incidentally, in the above 
analysis, time is not an operator (we cannot observe time, as such), it is just a parameter (or, more 
accurately, a continuous label). 



3.2 Heisenberg Equation of Motion 

We have seen that in the Schrodinger scheme the dynamical variables of the system remain fixed 
during a period of undisturbed motion, whereas the state kets evolve according to Equation (3.10). 
However, this is not the only way in which to represent the time evolution of the system. 
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Suppose that a general state ket A is subject to the transformation 

\A,) = T^(t,to)\A). (3.16) 

This is a time-dependent transformation, because the operator T(t, to) obviously depends on time. 
The subscript t is used to remind us that the transformation is time-dependent. The time evolution 
of the transformed state ket is given by 

\A,t) = T\t, to) m = T\t, to) T{t, to) \Ato) = \A,to}, (3.17) 

where use has been made of Equations (3.3), (3.5), and the fact that T{to,to) = 1- Clearly, the 
transformed state ket does not evolve in time. Thus, the transformation (3.16) has the effect of 
bringing all kets representing states of undisturbed motion of the system to rest. 

The transformation must also be applied to bras. The dual of Equation (3.16) yields 

{A,\ = {A\T. (3.18) 

The transformation rule for a general observable v is obtained from the requirement that the expec- 
tation value {A\ v \A) should remain inveiriant. It is easily seen that 

Vt = T'^vT. (3.19) 

Thus, a dynamical variable, which corresponds to a fixed linear operator in Schrodinger's scheme, 
corresponds to a moving linear operator in this new scheme. It is clear that the transformation 
(3.16) leads us to a scenario in which the state of the system is represented by a fixed vector, and 
the dynamical variables are represented by moving linear operators. This is termed the Heisenberg 
picture, as opposed to the Schrddinger picture, which is outlined in Section 3.1. 

Consider a dynamical variable v corresponding to a fixed linear operator in the Schrodinger 
picture. According to Equation (3.19), we can write 

Tv, = vT. (3.20) 

Diff'erentiation with respect to time yields 

dT _ dvt dT 

v^ + T = v—. (3.21) 
dt at at 

With the help of Equation (3.14), this reduces to 

HTvt + inT^ = vHT, (3.22) 
dt 

or 

= tU H T - T^ H T Vt = V, Ht - HtVt, (3.23) 

dt 

where 

H, = T^HT. (3.24) 
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Equation (3.23) can be written 

in^ = [v„H,]. (3.25) 
at 

Equation (3.25) shows how the dynamical variables of the system evolve in the Heisenberg pic- 
ture. It is denoted the Heisenberg equation of motion. Note that the time-varying dynamical vari- 
ables in the Heisenberg picture are usually called Heisenberg dynamical variables to distinguish 
them from Schrodinger dynamical variables (i.e., the corresponding variables in the Schrodinger 
picture), which do not evolve in time. 

According to Equation (2.22), the Heisenberg equation of motion can be written 



dvt 
dt 



-l^ = Vv,,H,\m, (3.26) 



where [• • • denotes the quantum Poisson bracket. Let us compare this equation with the classical 
time evolution equation for a general dynamical variable v, which can be written in the form [see 
Equation (2.7)] 

^ = Vv,m,i. (3.27) 
at 

Here, [• • • ]c/ is the classical Poisson bracket, and H denotes the classical Hamiltonian. The strong 
resemblance between Equations (3.26) and (3.27) provides us with further justification for our 
identification of the linear operator H with the energy of the system in quantum mechanics. 

Note that if the Hamiltonian does not explicitly depend on time (i.e., the system is not subject 
to some time-dependent external force) then Equation (3.15) yields 

T{t, to) = exp [-i H(t- to)/n] . (3.28) 

This operator manifestly commutes with H, so 

H, = T^HT = H. (3.29) 

Furthermore, Equation (3.25) gives 

i^^ = [//,//] = 0. (3.30) 
dt 

Thus, if the energy of the system has no explicit time-dependence then it is represented by the 
same non-time-varying operator H in both the Schrodinger and Heisenberg pictures. 

Suppose that v is an observable that commutes with the Hamiltonian (and, hence, with the time 
evolution operator T). It follows from Equation (3.19) that Vt = v. Heisenberg's equation of motion 
yields 

\n^ = [v,m=Q. (3.31) 
dt 

Thus, any observable that commutes with the Hamiltonian is a constant of the motion (hence, it 
is represented by the same fixed operator in both the Schrodinger and Heisenberg pictures). Only 
those observables that do not commute with the Hamiltonian evolve in time in the Heisenberg 
picture. 
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3.3 Ehrenfest Theorem 

We have now introduced all of the basic elements of quantum mechanics. The only thing which 
is lacking is some rule to determine the form of the quantum mechanical Hamiltonian. For a 
physical system that possess a classical analogue, we generally assume that the Hamiltonian has 
the same form as in classical physics (i.e., we replace the classical coordinates and conjugate mo- 
menta by the corresponding quantum mechanical operators). This scheme guarantees that quantum 
mechanics yields the correct classical equations of motion in the classical limit. Whenever an am- 
biguity arises because of non-commuting observables, this can usually be resolved by requiring the 
Hamiltonian H to be an Hermitian operator. For instance, we would write the quantum mechani- 
cal analogue of the classical product x px, appearing in the Hamiltonian, as the Hermitian product 
(l/2)(x px + Px x). When the system in question has no classical analogue then we are reduced to 
guessing a form for H that reproduces the observed behavior of the system. 

Consider a three-dimensional system characterized by three independent Cartesian position co- 
ordinates Xi (where / runs from 1 to 3), with three corresponding conjugate momenta p,. These are 
represented by three commuting position operators Xi, and three commuting momentum operators 
Pi, respectively. The commutation relations satisfied by the position and momentum operators are 
[see Equation (2.25)] 

[Xi,pj]=in6ij. (3.32) 
It is helpful to denote (xi, X2, X3) as x and (pi,p2, P3) as p. The following useful formulae, 

[Xi,F(x,p)] = in—, (3.33) 

OPi 

[/7,-,G(x,p)] = -i^— , (3.34) 

OXi 

where F(x, p) and G(x, p) are functions that can be expeinded as power series, are easily proved 
using the fundamental commutation relations, (3.32). 

Let us now consider the three-dimensional motion of a free particle of mass m in the Heisenberg 
picture. The Hamiltonian is assumed to have the same form as in classical physics: i.e., 

H{x,ie>)=^ = ^Ypl (3.35) 
1=1,3 

In the following, all dynamical variables are assumed to be Heisenberg dynamical variables, al- 
though we will omit the subscript t for the sake of clarity. The time evolution of the momentum 
operator follows from the Heisenberg equation of motion, (3.25). We find that 

^ = ^iPi,m = Q, (3.36) 
at in 



since pi automatically commutes with any function of the momentum operators. Thus, for a free 
particle, the momentum operators are constants of the motion, which means that pi{t) = p,(0) at 
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all times t (for / is 1 to 3). The time evolution of the position operator x, is given by 



— = — [Xi, //] = — 1^ 
at in in 2m opi 



E 

V;=l,3 



m 



pm 



m 



(3.37) 



where use has been made of Equation (3.33). It follows that 



Xiit) = XiiO) + 



m 



(3.38) 



which is analogous to the equation of motion of a classical free particle. Note that even though 

[xtiO),xjm=0, (3.39) 

where the position operators are evaluated at equal times, the x, do not commute when evaluated 
at different times. For instance. 



[Xi(t),xtm 



pMt 



m 



-ifit 



m 



(3.40) 



Combining the above commutation relation with the uncertainty relation (1.83) yields 

{{AxifU{Axif),=o>^^^^ 



(3.41) 



This result implies that even if a particle is well-localized at ^ = 0, its position becomes progres- 
sively more uncertain with time. This conclusion can also be obtained by studying the propagation 
of wavepackets in wave mechanics. 

Let us now add a potential y(x) to our free particle Hamiltonian: 



H(x,p) = ^ + V(x). 

2m 



(3.42) 



Here, V is some (real) function of the jc, operators. The Heisenberg equation of motion gives 

dpi 



_ 1 y^^^^ ^ dVjx) 
dt i^ " dxi 

where use has been made of Equation (3.34). On the other hand, the result 

dxi _ Pi 
dt m 



(3.43) 



(3.44) 



still holds, because the x, all commute with the new term, V{x), in the Hamiltonian. We can use 
the Heisenberg equation of motion a second time to deduce that 



d^Xi 



1 



dt'^ ih 



dXi 



1 

in 



m 



1 dpi 
m dt 



1 dV{x) 
m dxi 



(3.45) 
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In vectorial form, this equation becomes 

d^x dp 

This is the quantum mechanical equivalent of Newton's second law of motion. Taking the expec- 
tation values of both sides with respect to a Heisenberg state ket that does not evolve in time, we 
obtain the so-called Ehrenfest theorem: 

(f{x) d{p) 

When written in terms of expectation values, this result is independent of whether we are using 
the Heisenberg or Schrodinger picture. By contrast, the operator equation (3.46) only holds if x 
and p are understood to be Heisenberg dynamical variables. Note that Equation (3.47) has no 
dependence on fi. In fact, it guarantees to us that the centre of a wavepacket always moves like a 
classical particle. 



3.4 Schrodinger Wave Equation 

Consider the motion of a particle in three dimensions in the Schrodinger picture. The fixed dy- 
namical variables of the system are the position operators, x = (xi,X2,xs), and the momentum 
operators, p = (pi, pi, P^)- The state of the system is represented as some time evolving ket \At). 

Let |x') represent a simultaneous eigenket of the position operators belonging to the eigenvalues 
x' = (Xj, Xj, X3). Note that, because the position operators are fixed in the Schrodinger picture, we 
do not expect the |x') to evolve in time. The wavefunction of the system at time t is defined 



i/r(x',t) = {x'\At). 



(3.48) 



The Hamiltonian of the system is taken to be 



H(x,p) = ^ + V(x). 

2m 

The Schrodinger equation of motion, (3.10), yields 

d{x'\At) 



in 



dt 



= {x:\H\At), 



(3.49) 



(3.50) 



where use has been made of the time independence of the |x'). We adopt the Schrodinger represen- 
tation in which the momentum conjugate to the position operator x, is written [see Equation (2.74)] 



Pi = -in 



d_ 

dxi' 



Thus, 



2m 



At] 



-|;^lV'V|AO, 

\2m 



(3.51) 



(3.52) 
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where use has been made of Equation (2.78). Here, V = (d/dx', d/dy', d/dz') denotes the gradient 
operator written in terms of the position eigenvalues. We can also write 

<x'|y(x) = y(x')<x'|, (3.53) 

where V(x') is a scalar function of the position eigenvalues. Combining Equations (3.49), (3.50), 
(3.52), and (3.53), we obtain 

. ^ WAr) ^_(^\ v'2<x'|A?) + V(x'){x'\At), (3.54) 



dt \2m 

which can also be written 



i^^^^^^ = -[;^]v'V(x',0 + V(x')^//(x',0. (3.55) 



dt \2w 

This is Schrodinger's famous wave equation, and is the basis of wave mechanics. Note, however, 
that the wave equation is just one of many possible representations of quantum mechanics. It just 
happens to give a type of equation that we know how to solve. In deriving the wave equation, we 
have chosen to represent the system in terms of the eigenkets of the position operators, instead of 
those of the momentum operators. We have also fixed the relative phases of the |x') according to 
the Schrodinger representation, so that Equation (3.51) is valid. Finally, we have chosen to work 
in the Schrodinger picture, in which state kets evolve and dynamical variables are fixed, instead of 
the Heisenberg picture, in which the opposite is true. 

Suppose that the ket \At} is an eigenket of the Hamiltonian belonging to the eigenvalue H': i.e., 

H\At) = H'\At). (3.56) 

The Schrodinger equation of motion, (3.10), yields 

in^=H'\At). (3.57) 
dt 

This can be integrated to give 

\At) = exp[-i H'it - to)/h] \Ato). (3.58) 

Note that \At) only differs from \Ato} by a phase-factor. The direction of the vector remains fixed 

in ket space. This suggests that if the system is initially in an eigenstate of the Hamiltonian then it 
remains in this state for ever, as long as the system is undisturbed. Such a state is called a stationary 
state. The wavef unction of a stationary state satisfies 

^^(x', = ^^(x', to) exp[-i H' (t - to) mi (3.59) 

Substituting the above relation into the Schrodinger wave equation, (3.55), we obtain 

- fl^) V Vo(x') + [y(x') - E] ^o(x') = 0, (3.60) 
\2m/ 
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where lAo(x') = i/f(x',tQ), and E = H' is the energy of the system. This is Schrodinger's time- 
independent wave equation. A bound state solution of the above equation, in which the particle is 
confined within a finite region of space, satisfies the boundary condition 

(Ao(x') ^0 as |x'| ^ oo. (3.61) 

Such a solution is only possible if 

E < lim V(x'). (3.62) 

|x'|-»oo 

Since it is conventional to set the potential at infinity equal to zero, the above relation implies that 
bound states are equivalent to negative energy states. The boundary condition (3.61) is sufficient 
to uniquely specify the solution of Equation (3.60). 
The quantity p(x', t), defined by 

p(x',0 = |^/^(x',Ol', (3.63) 

is termed the probability density. Recall, from Equation (2.30), that the probability of observing 
the particle in some volume element d^xf around position x' is proportional to p(x', t)d^x! . The 
probability is equal to p(x', t)d^x' if the wavefunction is properly normalized, so that 



d'x'p(x',t)=l. (3.64) 

The Schrodinger time-dependent wave equation, (3.55), can easily be transformed into a con- 
servation equation for the probability density: 

^ + V'-j = 0. (3.65) 

The probability current, j, takes the form 

j(x', t) = - 1^] [r V> - (V>*) «A] = (-) Im(r VV). (3.66) 

We can integrate Equation (3.65) over all space, using the divergence theorem, and the boundary 
condition p ^ as |x'| ^ oo, to obtain 

4 r JVp(x',0 = 0. (3.67) 
dt J 

Thus, the Schrodinger wave equation conserves probability. In particular, if the wavefunction starts 
off" properly normalized, according to Equation (3.64), then it remains properly normalized at all 
subsequent times. It is easily demonstrated that 



ciVj(x',0 = — , (3.68) 
m 



where (p)f denotes the expectation value of the momentum evaluated at time t. Clearly, the proba- 
bility current is indirectly related to the particle momentum. 
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In deriving Equations (3.65), we have, naturally, assumed that the potential V(x') is real. Sup 
pose, however, that the potential has an imaginary component. In this case. Equation (3.65) gener- 
alizes to 

5p , . 2Im(y) 



J d^x'p(x',t) = ^lmj d^x'V{x')p(x',t). (3.70) 

Thus, if Im(y) < then the total probability of observing the particle anywhere in space decreases 
monotonically with time. Thus, an imaginary potential can be used to account for the disappear- 
ance of a particle. Such a potential is often employed to model nuclear reactions in which incident 
particles are absorbed by nuclei. 



giving 

d_ 

dt 



Exercises 

3.1 Let X = (jci, JC2, JC3) be a set of Cartesian position operators, and let p = {pi,p2,pz) be the 
corresponding momentum operators. Demonstrate that 

dF 

[Xi, F(x, p)] =1%—, 

OPi 

[pi,Gix,p)] = -{%—, 

OXi 

where i = 1, 3, and F(x, p), G(x, p) are functions that can be expanded as power series. 

3.2 Assuming that the potential V(x) is complex, demonstrate that the Schrodinger time-dependent 
wave equation, (3.55), can be transformed to give 

where 

pix',t) = \i/r(x',t)\\ 

and 

j(x',0 = (-]lm(^/r*VV). 



3.3 Consider one-dimensional quantum harmonic oscillator whose Hamiltonian is 

H=p- + lma/x^, 
2m 2 



where x and p^ are conjugate position and momentum operators, respectively, and m, oj are 
positive constants. 
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(a) Demonstrate that the expectation value of H, for a general state, is positive definite. 

(b) Let 



Deduce that 



2^ ^/2m^ofi 
[A,A^] = 1, 

[H,A] = -ncoA, 
[H,A^] = nojA\ 

(c) Suppose that \E) is an eigenket of the Hamiltonian whose corresponding energy is E: 
i.e., 

H\E) = E\E). 

Demonstrate that 

HA\E) = (E-noj)A\E), 
HA^ \E) = (E + noj)A^ \E). 

Hence, deduce that the allowed values of E are 

E„ = (n+ l/2)nio, 

where n = 0, 1, 2, • • • . 

(d) Let \En) be a properly normalized (i.e., {E„\En) = 1) energy eigenket corresponding 
to the eigenvalue £■„. Show that the kets can be defined such that 

A\En)= ^\En-l), 

A^\E,)= v;^i£„,i). 

Hence, deduce that 

\E,) = ^{A'^f\E^). 



(e) Let the = be the wavefunctions of the properly normalized energy 

eigenkets. Given that 

A|£o) = |0), 



deduce that 



\xq ax' I 
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where xq = (/i/ma>)'^^. Hence, show that 



1 

2 \xo 



„/\2 



3.4 Consider the one-dimensional quantum harmonic oscillator discussed in Exercise 3.3. Let 
\n) be a properly normalized energy eigenket belonging to the eigenvalue £■„. Show that 

{n'\x\n) = V«^n'n-i + Vn+ 16„'„+i), 

{n'\px\n) = i^J^^(^-^fn6„>„-l + V« + 15„'„+i), 

<n' I jc^ |n) = f I ( y/n(n- 1) „_2 + V(« +!)(« + 2) „+2 + (2 n + 1 ) „) , 

{n'\pl\n) = V«(«- l)^n'n-2- V(« +!)(« + 2) 5„,„+2 + (2 « + 1) 6n',„) . 



Hence, deduce that 



{(Ax)^){iAp,f} = (n + l/2fn^ 



for the nth eigenstate. 
3.5 Consider a particle in one dimension whose Hamiltonian is 

H=^ + V(x). 
2m 

By calculating [[H, x],x], demonstrate that 



J]\{n\x\n')\HE„,-En) = 



2m' 



where \n) is a properly normalized energy eigenket corresponding to the eigenvalue £„, and 
the sum is over all eigenkets. 

3.6 Consider a particle in one dimension whose Hamiltonian is 

H=^ + V(x). 
2m 

Suppose that the potential is periodic, such that 

V(x -a) = Vix), 

for all x. Deduce that 

[D{a),H] = 0, 



56 



QUANTUM MECHANICS 



where D{a) is the displacement operator defined in Exercise 2.4. Hence, show that the 
wavefunction of an energy eigenstate has the general form 

^^r(x') = e'^'^M(jc'), 

where k' is a real parameter, and u(x' - a) = u{x') for all jc'. This result is known as the 
Block theorem. 

3.7 Consider the one-dimensional quantum harmonic oscillator discussed in Exercise 3.3. Show 
that the Heisenberg equations of motion of the ladder operators A and A^ are 

dA . ^ 

— = \a)A\ 
dt 

respectively. Hence, deduce that the momentum and position operators evolve in time as 

Px{t) = cos(a» Px(0) -ma> sm(a) t) jc(0), 

sin((j /) 

x{t) = cos(a> t) x{0) + PxiO), 

mio 

respectively, in the Heisenberg picture. 

3.8 Consider a one-dimensional stationary bound state. Using the time-independent Schrodinger 
equation, prove that 

^) = E- (V), 
2m/ 

and 



= -E + {V) + [x 

2m f \ dx 

[Hint: You can assume, without loss of generality, that the stationary wavefunction is real.] 
Hence, prove the Virial theorem, 

lpl\l_ldV\ 
\2m/ 2\ dx I 
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4 Orbital Angular Momentum 





= ypz 






= ZPx 


-xp„ 




= XPy 


-ypx- 



4.1 Orbital Angular Momentum 

Consider a particle described by the Cartesian coordinates {x, y,z) = x and their conjugate mo- 
menta (px, Py, Pz) = P- The classical definition of the orbital angular momentum of such a peirticle 
about the origin is L = x x p, giving 

(4.1) 
(4.2) 
(4.3) 

Let us assume that the operators (L^, Ly, L^) = L which represent the components of orbital angular 
momentum in quantum mechanics can be defined in an analogous manner to the corresponding 
components of classical angular momentum. In other words, we are going to assume that the above 
equations specify the angular momentum operators in terms of the position and linear momentum 
operators. Note that L^, Ly, and are Hermitian, so they represent things which can, in principle, 
be measured. Note, also, that there is no ambiguity regarding the order in which operators appear 
in products on the right-hand sides of Equations (4.1)-(4.3), because all of the products consist of 
operators that commute. 

The fundamental commutation relations satisfied by the position and linear momentum opera- 
tors are [see Equations (2.23)-(2.25)] 

[Xi,Xj] = 0, (4.4) 
[Pi,Pj] = 0, (4.5) 
[Xi,pj] = inSij, (4.6) 

where i and j stand for either x, y, or z. Consider the commutator of the operators and L^: 

[Lx, Ly] = [(y p^-z Py), (zpx-x Pz)] = y [pz, z\px + x py [z, Pz] 

= in(-ypx + xpy) = inL,. (4.7) 

The cyclic permutations of the above result yield the fundamental commutation relations satisfied 
by the components of an orbital angular momentum: 

[Lx,Ly] = inL„ (4.8) 
[Ly,L,} = inLx, (4.9) 
[L„Lx] = inLy. (4.10) 

These c£in be summed up more succinctly by writing 



L X L = i^L. 



(4.11) 
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The three commutation relations (4.8)-(4.10) are the foundation for the whole theory of angular 
momentum in quantum mechanics. Whenever we encounter three operators having these commu- 
tation relations, we know that the dynamical variables that they represent have identical properties 
to those of the components of an angular momentum (which we are about to derive). In fact, we 
shall assume that any three operators that satisfy the commutation relations (4.8)-(4.10) represent 
the components of some sort of angular momentum. 

Suppose that there are A'^ particles in the system, with angular momentum vectors L, (where / 
runs from 1 to A^). Each of these vectors satisfies Equation (4.11), so that 

L,xL, = i^L,-. (4.12) 

However, we expect the angular momentum operators belonging to diff'erent particles to commute, 
because they represent different degrees of freedom of the system. So, we can write 

L;XL^ + LyXL,- = 0, (4.13) 

for / j. Consider the total angular momentum of the system, L = YAi=\,N^i- It is clear from 
Equations (4.12) and (4.13) that 

L X L = 2 L; X 2 = 2 L,- X L; + - 2 (L,- x Lj + x L,) 

i=\,N j=l,N i=l,N i,j=hN 

= in L/ = i^L- (4.14) 

Thus, the sum of two or more angular momentum vectors satisfies the same commutation relation 
as a primitive angular momentum vector. In particular, the total angular momentum of the system 
satisfies the commutation relation (4.1 1). 

The immediate conclusion which can be drawn from the commutation relations (4.8)-(4.10) is 
that the three components of an angular momentum vector cannot be specified (or measured) si- 
multaneously. In fact, once we have specified one component, the values of other two components 
become uncertain. It is conventional to specify the z-component, L^. 

Consider the magnitude squared of the angular momentum vector, I? = + + Lj. The 
commutator of and is written 

[L\L,] = [L^LJ + [L^,LJ + [L^,LJ. (4.15) 

It is easily demonstrated that 

[Ll LJ = -in (L, Ly + Ly L,), (4. 16) 

{Ll LJ = +i ^ (L, Ly + Ly L,), (4. 17) 

[L^^L,] = 0, (4.18) 

so 

[L2,LJ = 0. (4.19) 
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Because there is nothing special about the z-direction, we conclude that also commutes with 
and Ly. It is clear from Equations (4.8)-(4.10) and (4.19) that the best we can do in quan- 
tum mechanics is to specify the magnitude of an angular momentum vector along with one of its 
components (by convention, the z-component). 

It is convenient to define the shift operators and L~: 

L^ = L, + iLy, (4.20) 

L-=L,-iLy. (4.21) 

It can easily be shown that 

[L^,L,] = -ni^, (4.22) 

[L-,LJ = +nL-, (4.23) 

[L^,L-] = 2nL„ (4.24) 

and also that both shift operators commute with L^. 



4.2 Eigenvalues of Orbital Angular Momentum 

Suppose that the simultaneous eigenkets of and are completely specified by two quantum 
numbers, / and m. These kets are denoted |/, m). The quantum number m is defined by 

\l, m) = mh \l, m). (4.25) 

Thus, m is the eigenvalue of divided by Ti. It is possible to write such an equation because fi has 
the dimensions of angular momentum. Note that m is a real number, because is an Hermitian 
operator. 

We can write 

|/, m) = /(/, m) \l, m), (4.26) 

without loss of generality, where /(/, m) is some real dimensionless function of I and m. Later on, 
we will show that /(/, m) = / (Z + 1). Now, 

</, ml - Ll \l, m) = {I, m\ f{l, m) - \l, m) = [f{l, m) - m^] h^, (4.27) 

assuming that the \l, m) have unit norms. However, 

</, ml - Ll \l, m) = (I, m\ + \l, m) = (I, m\ \l, m) + (/, m| \l, m). (4.28) 

It is easily demonstrated that 

{A\e\A)>Q, (4.29) 

where \A) is a general ket, and ^ is an Hermitian operator. The proof follows from the observation 
that 

{A\e\A) = {A\^^\A) = {B\B), (4.30) 



60 



QUANTUM MECHANICS 



where \B) = ^ \A), plus the fact that {B\B) > for a general ket \B) [see Equation (1.21)]. It follows 
from Equations (4.27)-(4.29) that 

m^<f{l,m). (4.31) 
Consider the effect of the shift operator on the eigenket \l,m). It is easily demonstrated that 

l2(L+|/, m)) = f(l, m) (L^|/, m)), (4.32) 

where use has been made of Equation (4.26), plus the fact that l} and commute. It follows that 
the ket L^\l, m) has the same eigenvalue of as the ket |/, m). Thus, the shift operator does not 
affect the magnitude of the angular momentum of any eigenket it acts upon. However, 

4 L+|/, m) = (L^L, + [L„ L^]) \l, m) = (L^L, + % L") \l, m) = (m+l)n L% m), (4.33) 

where use has been made of Equation (4.22). The above equation implies that V'\l, m) is propor- 
tional to |/, m + 1). We can write 

nm) = c^„h\l,m+\), (4.34) 

where c^^^ is a number. It is clear that if the operator acts on a simultaneous eigenstate of and 
L, then the eigenvalue of remains unchanged, but the eigenvalue of is increased by %. For 
this reason, is called a raising operator. 

Using similar arguments to those given above, it is possible to demonstrate that 

L-\l,m) = c-i^h\l,m-\). (4.35) 

Hence, L" is called a lowering operator. 

The shift operators, and L", respectively step the value of m up and down by unity each 
time they operate on one of the simultaneous eigenkets of and L^. It would appear, at first 
sight, that any value of m can be obtained by applying these operators a sufficient number of times. 
However, according to Equation (4.31), there is a definite upper bound to the values that can 
take. This bound is determined by the eigenvalue of [see Equation (4.26)]. It follows that there 
is a maximum and a minimum possible value which m can take. Suppose that we attempt to raise 
the value of m above its maximum value mmax- Since there is no state with m > m^^x, we must 
have 

m,m^^) = \0). (4.36) 

This implies that 

L-m,mm^) = \0). (4.37) 

However, 

L- = + L^ + i [L„ Ly\ = - L| - ^ L„ (4.38) 

so Equation (4.37) yields 

(L^ -L^-n L,) \l, m„,ax) = 10). (4.39) 
The above equation can be rearranged to give 

\U Wmax) = + n L,) \l, m^ax) = Wmax(/Wmax + 1) \l, M^^). (4.40) 
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Comparison of this equation with Equation (4.26) yields the result 

f(l, Wmax) = rnmx,(mm^ + 1). (4.41) 

But, when L" operates on \n, m^y) it generates \n, mmax - 1)> \n, - 2), etc. Since the lowering 
operator does not change the eigenvalue of L^, all of these states must correspond to the same value 
of /, namely mmax(m,nax + !)• Thus, 

\l, m) = mmax("^max + 1) 1^, «)• (4.42) 

At this stage, we can give the unknown quantum number / the value mmax, without loss of general- 
ity. We can also write the above equation in the form 

L^\l,m) = l{l+l)n^\l,m). (4.43) 

It is easily seen that 

L- |/, m) = (L^ -L^-h |/, m) = [/ (/ + 1) - m (m + 1)] \l, m). {AAA) 

Thus, 

{I, ml L- \l, m) = [1(1 + I) - mim + 1)]. (4.45) 
However, we also know that 

</, m\L- L^\l, m) = </, mjL" fi clJl, m+\) = fi^ c^^ c'l^^^, (4.46) 

where use has been made of Equations (4.34) and (4.35). It follows that 

c^n. c/"..! = [/(/+ 1) - m (m + 1)]. (4.47) 

Consider the following: 

{I, m\ L~ \l, m + 1) = (/, m| |Z, m + 1) - i {/, m| Ly\l,m+ 1) 
= {l,m+ l\Lx \l,m)* - i {I, m + 1| |/, m)* 
= {{l,m+ l\L^\l,m) + i(l,m+ l\Ly\l,m)y 

= </,m+ l|L+|/,m)*, (4.48) 

where use has been made of the fact that and Ly are Hermitian. The above equation reduces to 

cJm.i = (ctJ (4.49) 

with the aid of Equations (4.34) and (4.35). 

Equations (4.47) and (4.49) can be combined to give 

|c;j' = [/(/+l)-m(m+l)]. (4.50) 
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The solution of the above equation is 

cl^ = V/(/+ l)-w(m+ 1). (4.51) 

Note that cj^^^ is undetermined to an arbitrary phase-factor [i.e., we can replace c*^^, given above, by 
^/m ^^P( iy)' where y is real, and we still satisfy Equation (4.50)]. We have made the arbitrary, but 
convenient, choice that c'l^ is real and positive. This is equivalent to choosing the relative phases 
of the eigenkets \l,m). According to Equation (4.49), 



= (ct^-iT = V^(/+l)-m(m-l). (4.52) 



We have already seen that the inequality (4.31) implies that there is a maximum and a minimum 
possible value of m. The maximum value of m is denoted /. What is the minimum value? Suppose 
that we try to lower the value of m below its minimum value m min - Because there is no state with 
< OTmin> we must have 

^"|/,m^in) = 0. (4.53) 
According to Equation (4.35), this implies that 

cim.. = 0- (4-54) 

It can be seen from Equation (4.52) that m^i„ = -I. We conclude that m can take a "ladder" of 
discrete values, each rung dilfering from its immediate neighbors by unity. The top rung is /, and 
the bottom rung is -/. There are only two possible choices for /. Either it is an integer (e.g., / = 2, 
which allows m to take the values -2, -1, 0, 1, 2), or it is a half -integer (e.g., 1 = 3/2, which allows 
m to take the values -3/2, - 1/2, 1 /2, 3 /2). We shall prove in the next section that an orbital angular 
momentum can only take integer values of /. 

In summary, using just the fundamental commutation relations (4.8)-(4.10), plus the fact that 
Lx, Ly, and are Hermitian operators, we have shown that the eigenvalues of = + + Lj 
can be written Z (Z + 1) where / is an integer, or a half -integer. We have also demonstrated that 
the eigenvalues of can only take the values mfi, where m lies in the range -1,-1 + 1, • • • / - 
1, /. Let \l, m) denote a properly normalized simultaneous eigenket of and L^, belonging to the 
eigenvalues / (/ + \)fi^ and m %, respectively. We have shown that 

\l, m) = yjl(l+l)-m(m+l) n\l,m+l) (4.55) 
L- \l, m) = ^l{l+\)-m{m-\) %\l,m-\), (4.56) 

where L* = L^ + iLy are the so-called shift operators. 



4.3 Rotation Operators 



Consider a particle whose position is described by the spherical polar coordinates (r,9,(p). The 
classical momentum conjugate to the azimuthal angle cp is the z-component of angular momentum. 
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Lj.. According to Section 2.5, in quantum mechanics we can always adopt the Schrodinger repre- 
sentation, for which ket space is spanned by the simultaneous eigenkets of the position operators 
r, 9, and (p, and takes the form 

L, = -\n^. (4.57) 

dip 

We can do this because there is nothing in Section 2.5 which specifies that we have to use Cartesian 
coordinates — the representation (2.74) works for any well-defined set of coordinates. 

Consider an operator R(A(p) that rotates the system through an angle Jip about the z-axis. This 
operator is very similar to the operator D(/ix), introduced in Section 2.8, which translates the 
system a distance Ax along the x-axis. We were able to demonstrate in Section 2.8 that 

D(dx) - 1 

p^ = in\im^-^ , (4.58) 

6x-^0 OX 

where px is the linear momentum conjugate to x. There is nothing in our derivation of this result 
which specifies that x has to be a Cartesian coordinate. Thus, the result should apply just as well 
to an angular coordinate. We conclude that 

L, = iniun^^^^. (4.59) 

According to Equation (4.59), we can write 

Ri6(p) = l- iL,6(p/n (4.60) 

in the limit 6(p — > 0. In other words, the angular momentum operator L, can be used to rotate the 
system about the z-axis by an infinitesimal amount. We say that is the generator of rotations 
about the z-axis. The above equation implies that 

/?(^^)= lim(l-i^^) , (4.61) 

which reduces to 

R(Aip) ^ exp(-iL,Jip/n). (4.62) 
Note that R{Aip) has all of the properties we would expect of a rotation operator: i.e., 

/?(0) = 1, (4.63) 
R(A(p)Ri-A(p) = 1, (4.64) 
R(A<pi)R(A(p2) = R{A(pi + A(p2). (4.65) 

Suppose that the system is in a simultaneous eigenstate of and L^. As before, this state is 
represented by the eigenket \l,m), where the eigenvalue of is Z (/ + 1) and the eigenvalue of 
is m h. We expect the wavefunction to remain unaltered if we rotate the system In degrees about 
the z-axis. Thus, 



R(2n) \l, m) = exp(-i In IK) \l, m) = exp(-i 2nm) \l, m) = \l, m). (4.66) 
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We conclude that m must be an integer. This implies, from the previous section, that / must also 
be an integer. Thus, an orbital angular momentum can only take integer values of the quantum 
numbers / and m. 

Consider the action of the rotation operator R(A(p) on an eigenstate possessing zero angular 
momentum about the z-axis (i.e., an m = state). We have 

R{Acp) \l, 0) = exp(O) \l, 0) = \l, 0). (4.67) 

Thus, the eigenstate is invariant to rotations about the z-axis. Clearly, its wavefunction must be 
symmetric about the z-axis. 

There is nothing special about the z-axis, so we can write 

RA^^x) = exp(-i L,A<pjn), (4.68) 
Ry(A(py) = exp(-i Ly Aifiylfi), (4.69) 
R,{A<py) = exp(-i L, Acpjn), (4.70) 

by analogy with Equation (4.62). Here, Rx(A(px) denotes an operator that rotates the system by an 
angle A(px about the x-axis, etc. Suppose that the system is in an eigenstate of zero overall orbital 
angular momentum (i.e., an / = state). We know that the system is also in an eigenstate of zero 
orbital angular momentum about any particular axis. This follows because / = implies m = 0, 
according to the previous section, and we can choose the z-axis to point in any direction. Thus, 

R,{A^,) 10, 0) = exp(O) 10, 0) = |0, 0), (4.71) 
Ry(A<py) 10, 0) = exp(O) 10, 0) = |0, 0), (4.72) 
R,(A^,) 10, 0) = exp(O) 10, 0) = |0, 0). (4.73) 

Clearly, a zero angular momentum state is invariant to rotations about any axis. Such a state must 
possess a spherically symmetric wavefunction. 

Note that a rotation about the x-axis does not commute with a rotation about the i/-axis. In 
other words, if the system is rotated an angle A(px about the x-axis, and then Acpy about the y-axis, 
it ends up in a different state to that obtained by rotating an angle A(py about the y-axis, and then 
A(px about the x-axis. In quantum mechanics, this implies that Ry(A(py) Rx{A(f^) R^iAipx) Ry(A(py), 
or LyLjc 4^ L^Ly, [see Equations (4.68)-(4.70)]. Thus, the noncommuting nature of the angular 
momentum operators is a direct consequence of the fact that rotations do not commute. 
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4.4 Eigenfunctions of Orbital Angular Momentum 

In Cartesian coordinates, the three components of orbital angular momentum can be written 

L, = -ifiiy^-z-^], (4.74) 



dz dyj' 

L, = -mx—-y—\, (4.76) 



dy dxj 

using the Schrodinger representation. Transforming to standard spherical polar coordinates, 

X = r sinO cos (p, (4.77) 

y = r sm9 sinip, (4.78) 

z = r cos 9, (4.79) 

we obtain 

L;c = i^ |sin^^ +cot0cos^^j, (4.80) 

( d d\ 

L„ = -i ^ cos cc cot^sincc— , (4.81) 

\ o9 o(p] 

L, = -in—. (4.82) 
o(p 

Note that Equation (4.82) accords with Equation (4.57). The shift operators L* = L^ + 'iLy become 

= ±h exp(+i ^) 1^ + i cot ^ ^ j . (4.83) 

Now, 

= Ll + + = + (L+ L- + L" L+)/2, (4.84) 

so 

\sm9d9 d9 sin 9 o(p^) 
The eigenvalue problem for takes the form 

t^/ = An^ ll/, (4.86) 

where ^^(r, 9, (p) is the wavefunction, and A is a number. Let us write 

il/{r,9,<p) = R{r)Yie,<p). (4.87) 
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Equation (4.86) reduces to 



Id d 15^ 

sine— + — — — |y + iF = 0, (4.88) 



sin 6* 56* 86 sin^Odif 

where use has been made of Equation (4.85). As is well-known, square integrable solutions to this 
equation only exist when A takes the values /(/ + 1), where I is an integer. These solutions are 
known as spherical harmonics, and can be written 



21 + I (I - mV 

YUe,<p) = A A L ; (-ire""^P/.(cosy), (4.89) 
V 4n (/ + m) ! 

where m is a positive integer lying in the range < m < I. Here, Pimi.0 is an associated Legendre 
function satisfying the equation 



d_ 

We define 



2 

m 



1-^ 



P/, + Z(/+l)P;, = 0. (4.90) 



y/_, = (-i)'"F;;, (4.91) 

which allows m to take the negative values -I < m < Q. The spherical harmonics are orthogonal 
functions, and are properly normalized with respect to integration over the entire solid angle: 

dOdip siney,;(e,(^) Yvm'ie,^) = 6iv 5mm'. (4.92) 



/7 

Jo Jo 



The spherical harmonics also form a complete set for representing general functions of Q and <f). 
By definition, 

L2F;, = /(/+1)^2j.^^^ (4 93) 

where / is an integer. It follows from Equations (4.82) and (4.89) that 

L^Yim^mhYim, (4.94) 

where m is an integer lying in the range -I < m < I. Thus, the wavefunction i//{r, 0, (p) = 
Rir) Yi,m{d, (p), where R is a general function, has all of the expected features of the wavefunc- 
tion of a simultaneous eigenstate of and belonging to the quantum numbers / and m. The 
well-known formula 

dPim 1 n D {I + m)(l - m+ I) 

TZ~ ~ / m+1 ~ Z Tt' ^Im — , m-1 Z To ^Im (y'-^'^J 

can be combined with Equations (4.83) and (4.89) to give 

Yirn = [/ (/ + 1) - m (m + 1)^"^ h Yi (4.96) 
L- Yirn = [/(/+ 1) - m (m - 1)]"^ h Yi ^-x- (4.97) 
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These equations are equivalent to Equations (4.55)-(4.56). Note that a spherical harmonic wave- 
function is symmetric about the z-axis (i.e., independent of (f) whenever m = 0, and is spherically 
symmetric whenever / = (since Foo = 1/ V47r). 

In summary, by solving directly for the eigenfunctions of and in the Schrodinger repre- 
sentation, we have been able to reproduce all of the results of Section 4.2. Nevertheless, the results 
of Section 4.2 are more general than those obtained in this section, because they still apply when 
the quantum number / takes on half-integer values. 



4.5 Motion in Central Field 

Consider a particle of mass M moving in a spherically symmetric potential. The Hamiltonian takes 
the form 

H=Y]^ + V(r). (4.98) 
Adopting Schrodinger's representation, we can write p = -(i//z)V. Hence, 

^^ = -^VHy(r). (4.99) 
When written in spherical polar coordinates, the above equation becomes 



2M 



1 d 2 d I d . _ d 1 d 



|2 



+ -TT-. — I ^ sin ^ — -I- 



r^dr dr sin 9 89 89 r^sm^9d(p^ 



+ V(r). (4.100) 



Comparing this equation with Equation (4.85), we find that 



( I 8 . 8 L2 
H=:rT-A—^^f^ + TT^\ + y(r). (4.101) 



2M\ r^8r 8r Tfr^ 

Now, we know that the three components of angular momentum commute with (see Sec- 
tion 4.1). We also know, from Equations (4.80)-(4.82), that L^, Ly, and take the form of partial 
derivative operators involving only angular coordinates, when written in terms of spherical polar 
coordinates using the Schrodinger representation. It follows from Equation (4.101) that all three 
components of the angular momentum commute with the Hamiltonian: 

[L,H] = 0. (4.102) 

It is also easily seen that (which can be expressed as a purely angular diff'erential operator) 
commutes with the Hamiltonian: 

[L^,H]=0. (4.103) 

According to Section 3.2, the previous two equations ensure that the angular momentum L and 
its magnitude squared are both constants of the motion. This is as expected for a spherically 
symmetric potential. 
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Consider the energy eigenvalue problem 



Hi/f = Ell/, 



(4.104) 



where £ is a number. Since and commute with each other and the Hamiltonian, it is always 
possible to represent the state of the system in terms of the simulteineous eigenstates of L^, L^, 
and H. But, we already know that the most general form for the wavefunction of a simultaneous 
eigenstate of and is (see previous section) 

il/{r,e,ip) = R{r)YUe,v). (4.105) 

Substituting Equation (4.105) into Equation (4.101), and making use of Equation (4.93), we obtain 



( 1 d , d 1(1+1). , ^ 



R = 0. 



(4.106) 



This is a Sturm-Liouville equation for the function R{r). We know, from the general properties 
of this type of equation, that if R{r) is required to be well-behaved at r = and as r ^ oo then 
solutions only exist for a discrete set of values of E. These are the energy eigenvalues. In general, 
the energy eigenveilues depend on the quantum number /, but are independent of the quantum 
number m. 



4.6 Energy Levels of Hydrogen Atom 



Consider a hydrogen atom, for which the potential takes the specific form 

V{r) = — . 

4;reo r 

The radial eigenfunction R{r) satisfies Equation (4.106), which can be written 



(4.107) 



2// 



_\_d_ ^d_ 1(1+1) 
dr dr 



4neQ r 



-E 



R = 0. 



(4.108) 



Here, n = lUe mp/(me + nip) ^ ntg is the reduced mass, which takes into account the fact that the 
electron (of mass m^) and the proton (of mass nip) both rotate about a common centre, which is 
equivalent to a particle of mass rotating about a fixed point. Let us write the product rR{r) as the 
function P{r). The above equation transforms to 



dr^ 



2^ 



1(1+ i)n^ 



-E 



P = 0, 



(4.109) 



which is the one-dimensioncil Schrodinger equation for a particle of mass fi moving in the effective 
potential 



Veff(r) = 



+ 



i(i+i)n' 



(4.110) 
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The effective potential has a simple physical interpretation. The first part is the attractive Coulomb 
potential, and the second part corresponds to the repulsive centrifugal force. 
Let 



a 



2i^E' 



(4.111) 



and y = r/a, with 



P(r) = /(j/)exp(-i/). (4.112) 
Here, it is assumed that the energy eigenvalue E is negative. Equation (4.109) transforms to 



+ 



4n 6o fp- y 



[dy^ dy y^ 
Let us look for a power-law solution of the form 

m = J]cny". 

n 

Substituting this solution into Equation (4.113), we obtain 



/ = 0. 



(4.113) 



(4.114) 



n(n- l)i/"-^-2nj/''-^ -/(/+ l)?/"-" + 



n-l 



y 



= 0. 



(4.115) 



Equating the coefficients of j/" ^ gives 

c„ [n (n-l) -1(1+ 1)] = c„_i 



2 (n-l) 



2fie^ a 
An 6o fi^ 



(4.116) 



Now, the power law series (4.1 14) must terminate at small n, at some positive value of n, otherwise 
f(y) would behave unphysically as j/ — ^ 0. This is only possible if \n mm (n mm - 1) - /(/ + 1)] = 0, 
where the first term in the series is c„_^^-_^ j/"™'". There are two possibilities: nmin = -I or n^^^ = 1+1- 
The former predicts unphysical behavior of the wavefunction at i/ = 0. Thus, we conclude that 
H mm = 1+1. Note that for an Z = state there is a finite probability of finding the electron at the 
nucleus, whereas for an / > state there is zero probability of finding the electron at the nucleus 
(i.e., = at r = 0, except when / = 0). Note, also, that it is only possible to obtain sensible 
behavior of the wavefunction as r ^ if / is an integer. 

For large values of y, the ratio of successive terms in the series (4.1 14) is 



c„y ^ 2£ 

Cn-l n ' 



(4.117) 



according to Equation (4.1 16). This is the same as the ratio of successive terms in the series 

(2t/)" 



Z 



n\ 



(4.118) 
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which converges to exp(2y). We conclude that f{y) exp{2y) as i/ ^ oo. It follows from 
Equation (4.112) that R(r) exp(r/a)/r as r ^ oo. This does not correspond to physically 
acceptable behavior of the wavefunction, since J cPx' |(^|^ must be finite. The only way in which 
we can avoid this unphysical behavior is if the series (4.114) terminates at some maximum value 
of n. According to the recursion relation (4. 11 6), this is only possible if 

^ =n, (4.119) 



47r 6o fi^ 

where the last term in the series is c„ j/". It follows from Equation (4.111) that the energy eigen- 
values are quantized, and can only take the values 

E=^, (4.120) 

where 

is the ground state energy. Here, n is a positive integer which must exceed the quantum number I, 

otherwise there would be no terms in the series (4.1 14). 

The properly normalized wavefunction of a hydrogen atom is written 

i/^(r,e,ip) = R„i(r)YMcp), (4.122) 

where 

R„i(r) = Kiir/a), (4.123) 

and 

a = nao. (4.124) 

Here, 

ao = V = 5.3 X 10-11 meters (4.125) 

IJ.e^ 

is the Bohr radius, and 'Rni(x) is a well-behaved solution of the differential equation 

Ki = (4.126) 

X 

that is consistent with the normalization constraint 

drr^[R„,(r)f = l. (4.127) 



]_d_^d__ 1(1+1) + ^ _ 1 
dx dx d& X 



Finally, the F/,„ are spherical harmonics. The restrictions on the quantum numbers are |m| < Z < n, 
where n is a positive integer, / a non-negative integer, and m an integer. 

The ground state of hydrogen corresponds to n = 1. The only permissible values of the other 
quantum numbers are / = and m = 0. Thus, the ground state is a spherically symmetric, zero 
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angular momentum state. The next energy level corresponds ion = 2. The other quantum numbers 
are allowed to take the values / = 0, m = ox I = l,m = -1,0, 1. Thus, there are n = 2 
states with non-zero angular momentum. Note that the energy levels given in Equation (4.120) are 
independent of the quantum number /, despite the fact that / appears in the radial eigenfunction 
equation (4.126). This is a special property of a 1/r Coulomb potential. 

In addition to the quantized negative energy states of the hydrogen atom, which we have just 
found, there is also a continuum of unbound positive energy states. 

Exercises 

4. 1 Demonstrate directly from the fundamental commutation relations for angular momentum, 
(4.11), that [L2,L,] = 0, [L±,LJ = +^L±, and [L+,L-] = inL^. 

4.2 Demonstrate from Equations (4.74)-(4.79) that 

Id d\ 
= ifi Isin^— + cot 6* cos ^—j, 

Ly = -in |cos^^ -cot6'sin^^j, 
o(p 

where 6, (p are conventional spherical polar angles. 

4.3 A system is in the state il/(6, ip) = ^)- Evaluate {L^), {Ly), {L^), and {Ly). 

4.4 Derive Equations (4.96) and (4.97) from Equation (4.95). 

4.5 Find the eigenvalues and eigenfunctions (in terms of the angles 6 and (p) of L^. 

4.6 Consider a beam of particles with / = 1 . A measurement of L^ yields the result fi. What 
values will be obtained by a subsequent measurement of L^, and with what probabilities? 
Repeat the calculation for the cases in which the measurement of L^ yields the results and 

-n. 

4.7 The Hamiltonian for an axially symmetric rotator is given by 

H = + 

2/i 2/2 

What are the eigenvalues of 

4.8 The expectation value of /(x, p) in any stationary state is a constant. Calculate 

0=|«x-p» = ^<[H,x-p]) 
at n 
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for a Hamiltonian of the form 

H=^ + V(r). 
2m 

Hence, show that 

/ \ I I dV 



r — 

2m/ 2 \ dr 

in a stationary state. This is another form of the Virial theorem. (See Exercise 3.8.) 
4.9 Use the Virial theorem of the previous exercise to prove that 

1\ 1 



r I ao 



for an energy eigenstate of the hydrogen atom. 

4.10 Demonstrate that the first few properly normalized radial wavefunctions of the hydrogen 
atom take the form: 



(a) 



(b) 



Rioir) = expl- — 



^2oW = 7;^-T7T 1 - — exp - 



(2 ao)^/^ \ 2 ao / \ 2 oq 
(c) 

Riiir) = — — — expl-; 



V3(2ao)^^^ ^0 \ 2ao 
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5 Spin Angular Momentum 



5.1 Introduction 

Up to now, we have tacitly assumed that the state of a particle in quantum mechanics can be 
completely specified by giving the wavefunction as a function of the spatial coordinates x, y, 
and z. Unfortunately, there is a wealth of experimental evidence that suggests that this simplistic 
approach is incomplete. 

Consider an isolated system at rest, and let the eigenvalue of its total angular momentum be 
j{j + \)%^. According to the theory of orbital angular momentum outlined in Sections 4.4 and 
4.5, there are two possibilities. For a system consisting of a single particle, j = 0. For a system 
consisting of two (or more) particles, j is a non-negative integer. However, this does not agree 
with observations, because we often encounter systems that appear to be structureless, and yet 
have j 0. Even worse, systems where j has half-integer values abound in nature. In order 
to explain this apparent discrepancy between theory and experiments, Gouldsmit and Uhlenbeck 
(in 1925) introduced the concept of an internal, purely quantum mechanical, angular momentum 
called spin. For a particle with spin, the total angular momentum in the rest frame is non- vanishing. 



5.2 Properties of Spin Angular Momentum 

Let us denote the three components of the spin angular momentum of a particle by the Hermitian 
operators (Sx,Sy,S^) = S. We assume that these operators obey the fundamental commutation 
relations (4.8)-(4.10) for the components of an angular momentum. Thus, we can write 

SxS = i;iS. (5.1) 

We can also define the operator 

= + + S^. (5.2) 
According to the quite general analysis of Section 4.1, 

[S,5^]=0. (5.3) 

Thus, it is possible to find simultaneous eigenstates of and S^. These are denoted \s, s^), where 

S^\s,s^) = s^n\s,s^), (5.4) 
S^\s,s,) = s(s+l)n^\s,s,). (5.5) 

According to the equally general analysis of Section 4.2, the quantum number s can, in principle, 

take integer or half-integer values, and the quantum number can only take the values s,s-l 

5+1, -s. 
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Spin angular momentum clearly has many properties in common with orbital angular mo- 
mentum. However, there is one vitally important difference. Spin angular momentum operators 
cannot be expressed in terms of position and momentum operators, like in Equations (4.1)-(4.3), 
because this identification depends on an analogy with classical mechanics, and the concept of 
spin is purely quantum mechanical: i.e., it has no analogy in classical physics. Consequently, the 
restriction that the quantum number of the overall angular momentum must take integer values is 
lifted for spin angular momentum, since this restriction (found in Sections 4.3 and 4.4) depends on 
Equations (4.1)-(4.3). In other words, the spin quantum number s is allowed to take half-integer 
values. 

Consider a spin one-half particle, for which 

5,|±) = ±^|±), (5.6) 
S^\±) = —\±). (5.7) 

Here, the |+) denote eigenkets of the operator corresponding to the eigenvalues +^/2. These 
kets are mutually orthogonal (since 5 ^ is an Hermitian operator), so 

<+|-) = 0. (5.8) 

They are also properly normalized and complete, so that 

<+l+) = <-!-> = 1, (5.9) 

and 

l+)<+l + |->(-| = l. (5.10) 
It is easily verified that the Hermitian operators defined by 

^.= ^(l+)(-| + |-)(+l), (5.11) 

5, = y(-|+)<-| + |-)<+|), (5.12) 

5, = ^(|+)<+|-|-)<-|), (5.13) 

satisfy the commutation relations (4.8)-(4.10) (with the Lj replaced by the S j). The operator 5^ 
takes the form 

= ^. (5.14) 

It is also easily demonstrated that and 5^, defined in this manner, satisfy the eigenvalue relations 
(5.6)-(5.7). Equations (5.1 1)-(5.14) constitute a realization of the spin operators S and 5'^ (for a 
spin one-half particle) in spin space (i.e., the Hilbert sub-space consisting of kets which correspond 
to the different spin states of the particle). 
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5.3 Wavefunction of Spin One-Half Particle 

The state of a spin one-half particle is represented as a vector in ket space. Let us suppose that this 
space is spanned by the basis kets \x', y',z', ±). Here, \x', y', z', +) denotes a simultaneous eigenstate 
of the position operators x, y, z, and the spin operator 5^, corresponding to the eigenvalues xf, y', 
z', and +fi/2, respectively. The basis kets are assumed to satisfy the completeness relation 

dx'dy'dz'{\x',y',z',+Xx',y',z',+\ + W,y',z',-Xx',y',z',-\) = l. (5.15) 

It is helpful to think of the ket \x',y',z', +) as the product of two kets — a position space ket 
\x',y',z'), and a spin space ket |+). We assume that such a product obeys the commutative and 
distributive axioms of multiplication: 

\x',y',z')\+) = \+)\x',y',z'), (5.16) 

(c' \x', y', z'} + c" \x", y", z")) \+) = c' \x', y', z'}\+} + c" \x", y", z")\+), (5.17) 

W, y',z') (c^ 1+) + c_ I-)) = c+ \x', y', z'}\+} + c_ \x', y',z')\-), (5.18) 

where the c's are numbers. We can give meaning to any position space operator (such as L,) acting 
on the product \x', y' , z')\+) by assuming that it operates only on the \x' , y' , z') factor, and commutes 
with the 1+) factor. Similarly, we can give a meaning to any spin operator (such as acting on 
\x! ,y' ,z')\+) by assuming that it operates only on |+), and commutes with \y^,y' ,z'). This implies 
that every position space operator commutes with every spin operator. In this manner, we can give 
meaning to the equation 

\x',y',z:,+) = W,y',z')\±) = \±)\x',y',z:). (5.19) 

The multiplication in the above equation is of a quite different type to any that we have encoun- 
tered previously. The ket vectors \x',y',z') and |+) lie in two completely separate vector spaces, 
and their product y', z')\±) lies in a third vector space. In mathematics, the latter space is termed 
the product space of the former spaces, which are termed/actor spaces. The number of dimensions 
of a product space is equal to the product of the number of dimensions of each of the factor spaces. 
A general ket of the product space is not of the form (5.19), but is instead a sum or integral of kets 
of this form. 

A general state A of a spin one-half particle is represented as a ket ||A)) in the product of the 
spin and position spaces. This state can be completely specified by two wavef unctions: 

ifr^(x',y',z') = {x',y',z'\{+\\A)), (5.20) 

i/r_(x',y',z') = {x',y',z'\{-\\A)). (5.21) 

The probability of observing the particle in the region x' to x' + dx' , y' to y' + dy' , and z' to z' + dz' , 
with s^ = +1/2 is \i]/^{x' ,y' ,z')\^ dx'dy'dz' ■ Likewise, the probability of observing the particle in 
the region x' to x' + dx' , y' to y' + dy' , and z' to z' + dz' , with s^ = -1/2 is \il/-{x' , y', z')\ ^ dx'dy'dz! . 
The normalization condition for the wavefunctions is 




dx'dy'dz' + = 1. 



(5.22) 
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5.4 Rotation Operators in Spin Space 

Let us, for the moment, forget about the spatial position of the particle, and concentrate on its spin 
state. A general spin state A is represented by the ket 

\A) = <+|A)|+) + (-IA)I-) (5.23) 

in spin space. In Section 4.3, we were able to construct an operator R^{/I(f) that rotates the system 
through an angle Aip about the z-axis in position space. Can we also construct an operator TJ^Aip) 
that rotates the system through an angle Atp about the z-axis in spin space? By analogy with 
Equation (4.62), we would expect such an operator to take the form 

T,{Aip) = QX^{-iS,A^in). (5.24) 

Thus, after rotation, the ket \A) becomes 

\Ar) = UA^)\A). (5.25) 

To demonstrate that the operator (5.24) really does rotate the spin of the system, let us consider 
its effect on {Sx)- Under rotation, this expectation value changes as follows: 

{S.) ^ {Ar\ Sx \Ar) = {A\ Tl Sx T, \A). (5.26) 

Thus, we need to compute 

e\^{\S^A(pin)Sx exp(-iS,A(p/n). (5.27) 

This can be achieved in two different ways. 

First, we can use the explicit formula for Sx given in Equation (5.11). We find that Equa- 
tion (5.27) becomes 

^ exp(i5,zl(^/^)(|+)<-| + l-X+l) Qxp{-iS,A<p/n), (5.28) 

or 

^ (e'^*^/^ l+X-l e'"'^'^ + e-'^^/2 1-)<+| e''^'^'^) , (5.29) 

which reduces to 

Sx cos A(p - Sy sinzl^, (5.30) 

where use has been made of Equations (5.11)-(5.13). 

A second approach is to use the so called Baker-Hausdorff lemma. This takes the form 

— J[G, [G,A]]+ 
+ (^)[G,[G,[G,A]]] + -- - , (5.31) 
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where G is an Hermitian operator, and A a real parameter. The proof of this lemma is left as an 
exercise. Applying the Baker-Hausdorff lemma to Equation (5.27), we obtain 



lAip 



1 \ / iAip 



2\ \ n 



which reduces to 



2! 



4! 



{A<pf {A^f 



(5.32) 



3! 



5! 



+ 



or 



(5.33) 

(5.34) 



S X cosA<p - Sy sinzli^, 

where use has been made of Equation (5.1). The second proof is more general than the first, be- 
cause it only uses the fundamental commutation relation (5.1), and is, therefore, valid for systems 
with spin angular momentum higher than one-half. 
For a spin one-half system, both methods imply that 



(S^) -> (S^) cos A(p - (Sy) smA(p 
under the action of the rotation operator (5.24). It is straightforward to show that 

(Sy) (Sy) cosA(f + (Sx) sinA(p. 

Furthermore, 



(5.35) 



(5.36) 



(5.37) 



because commutes with the rotation operator. Equations (5.35)-(5.37) demonstrate that the 
operator (5.24) rotates the expectation value of S by an angle A(p about the z-axis. In fact, the 
expectation value of the spin operator behaves like a classical vector under rotation: 



{Sk)-^J]Rki{Si), 



(5.38) 



where the Rki are the elements of the conventional rotation matrix for the rotation in question. It is 

clear, from our second derivation of the result (5.35), that this property is not restricted to the spin 
operators of a spin one-half system. In fact, we have effectively demonstrated that 



{jk)-^yRki{Ji), 



(5.39) 



where the Jk are the generators of rotation, satisfying the fundamental commutation relation Jx J = 
iJiJ, and the rotation operator about the kth axis is written Rk(Aip) = exp(-i Jj,A(p/fi). 

Consider the effect of the rotation operator (5.24) on the state ket (5.23). It is easily seen that 



UA<p) \A) = e-i^^/2 ^^i^^i^^ ^ gi^w2 (_|A)|-). 



(5.40) 
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Consider a rotation by 2n radians. We find that 

\A) ^ T,(2n)\A) = -\A). (5.41) 

Note that a ket rotated by 2n radians differs from the original ket by a minus sign. In fact, a rotation 
by 4n radians is needed to transform a ket into itself. The minus sign does not affect the expectation 
value of S, since S is sandwiched between {A\ and |A), both of which change sign. Nevertheless, 
the minus sign does give rise to observable consequences, as we shall see presently. 



5.5 Magnetic Moments 

Consider a particle of electric charge q and speed v performing a circular orbit of radius r in the 
x-y plane. The charge is equivalent to a current loop of radius r in the x-y plane carrying current 
I = q v/2n r. The magnetic moment of the loop is of magnitude nr^l and is directed along the 
z-axis. Thus, we can write 

/i = I X X V, (5.42) 

where x and v are the vector position and velocity of the particle, respectively. However, we know 
that p = v/m, where p is the vector momentum of the particle, and m is its mass. We also know 
that L = X X p, where L is the orbital angular momentum. It follows that 

// = -^L. (5.43) 

2m 

Using the usual analogy between classical and quantum mechanics, we expect the above relation to 
also hold between the quantum mechanical operators, n and L, which represent magnetic moment 
and orbital angular momentum, respectively. This is indeed found to the the case. 

Spin angular momentum also gives rise to a contribution to the magnetic moment of a charged 
particle. In fact, relativistic quantum mechanics predicts that a charged particle possessing spin 
must also possess a corresponding magnetic moment (this was first demonstrated by Dirac — see 
Chapter 11). We can write 

//=-^(L + grS), (5.44) 
2m 

where g is called the gyromagnetic ratio. For an electron this ratio is found to be 

The factor 2 is correctly predicted by Dirac's relativistic theory of the electron (see Chapter 11). 
The small correction l/(2;r 137), derived originally by Schwinger, is due to quantum field effects. 
We shall ignore this correction in the following, so 

//---^(L + 2S) (5.46) 
2 me 



for an electron (here, e > 0). 
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5.6 Spin Precession 

The Hamiltonian for an electron at rest in a z-directed magnetic field, B = Be^, is 

H = -fi-B = l-—\S-B = ojS„ (5.47) 
\mel 

where 

eB 

oj= — . (5.48) 

Me 

According to Equation (3.28), the time evolution operator for this system is 

T{t,0) = cxp{-iHt/n) = cxp{-iS,ojt/n). (5.49) 

It can be seen, by comparison with Equation (5.24), that the time evolution operator is precisely 
the same as the rotation operator for spin, with A(p set equal to co t. It is immediately clear that the 
Hamiltonian (5.47) causes the electron spin to precess about the z-axis with angular frequency oj. 
In fact. Equations (5.35)-(5.37) imply that 

{S^)t = {S^)t=o cos(a) t) - {Sy)t=o sin(tL» t), (5.50) 
{Sy}t = {Sy}t=o cos(co t) + {S;)t=Q sm{oj t), (5.51) 
{Sz), = {S,),=o. (5.52) 

The time evolution of the state ket is given by analogy with Equation (5.40): 

|A, t) = e-'''"^ <+|A, 0)1+) + e'"""^ <-|A, 0)|-). (5.53) 

Note that it takes time t = Anjcj for the state ket to return to its original state. By contrast, it only 
takes times t = In/oj for the spin vector to point in its original direction. 

We now describe an experiment to detect the minus sign in Equation (5.41). An almost mo- 
noenergetic beam of neutrons is split in two, sent along two different paths, A and B, and then 
recombined. Path A goes through a magnetic field free region. However, path B enters a small 
region where a static magnetic field is present. As a result, a neutron state ket going along path B 
acquires a phase-shift exp{+icoT/2) (the + signs correspond to = +1/2 states). Here, T is the 
time spent in the magnetic field, and oj is the spin precession frequency 

OJ = . (5.54) 

nip 

This frequency is defined in an analogous manner to Equation (5.48). The gyromagnetic ratio for a 
neutron is found experimentally to be = -1.91. (The magnetic moment of a neutron is entirely 
a quantum field effect). When neutrons from path A and path B meet they undergo interference. 
We expect the observed neutron intensity in the interference region to exhibit a cos(+a; T/2 + 6) 
variation, where 6 is the phase difference between paths A and B in the absence of a magnetic 
field. In experiments, the time of flight T through the magnetic field region is kept constant, while 
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the field-strength B is varied. It follows that the change in magnetic field required to produce 
successive maxima is 

AB= -, (5.55) 

egnAl 

where / is the path-length through the magnetic field region, and A is the de Broglie wavelength 
over 2n of the neutrons. The above prediction has been verified experimentally to within a fraction 
of a percent. This prediction depends crucially on the fact that it takes a An rotation to return a 
state ket to its original state. If it only took a In rotation then AB would be half of the value given 
above, which does not agree with the experimental data. 



5.7 Pauli Two-Component Formalism 

We have seen, in Section 4.4, that the eigenstates of orbital angular momentum can be conve- 
niently represented as spherical harmonics. In this representation, the orbital angular momentum 
operators take the form of differential operators involving only angular coordinates. It is conven- 
tional to represent the eigenstates of spin angular momentum as column (or row) matrices. In this 
representation, the spin angular momentum operators take the form of matrices. 

The matrix representation of a spin one-half system was introduced by Pauli in 1926. Recall, 
from Section 5.4, that a general spin ket can be expressed as a linear combination of the two 
eigenkets of 5^ belonging to the eigenvalues +^/2. These are denoted |+). Let us represent these 
basis eigenkets as column vectors: 

l+)^(o)=;^., (5.56) 

(5.57) 



^ 1 ^ 

The corresponding eigenbras are represented as row vectors: 

{^^{\,Q)^xl (5.58) 
<-|^(0,l)=;^l. (5.59) 

In this scheme, a general ket takes the form 

|A) = {MA)\+) + <-|A)|-) I j^j^l j , (5.60) 

and a general bra becomes 

<A| = {A\+){+\ + <A|-)<-| ^ ({A\+), <A|-». (5.61) 
The colunm vector (5.60) is called a two-component spinor, and can be written 

^ " HA) r U- r "'^^ ^ ^^-^^^ 
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where the c± are complex numbers. The row vector (5.61) becomes 

= «A|+), <A|-» = (c;, c_*) = c:xl + c_*xl (5.63) 
Consider the ket obtained by the action of a spin operator on ket A: 

\A') = Sk\A). (5.64) 

This ket is represented as 

,{-m 

However, 

<+|A') = (+1 Sk l+X+IA) + (+1 Sk l-X-IA), (5.66) 

<-|A') = (-1 Sk l+X+IA) + (-1 Sk l-X-IA), (5.67) 

or 



{+\A')\l{+\Sk\+) <+|5,|-)\/<+|A) 
<-|A')j IH'S,|+) {-\Sk\-)j\{-\A) 
It follows that we can represent the operator/ket relation (5.64) as the matrix relation 



(5.68) 



x' = {^iykX, (5.69) 

where the cr^- are the matrices of the <+| 5'^ |±) values divided by fi/2. These matrices, which are 
called the Pauli matrices, can easily be evaluated using the explicit forms for the spin operators 
given in Equations (5.11)-(5.13). We find that 

(5.70) 
(5.71) 
(5.72) 

Here, 1, 2, and 3 refer to x, y, and z, respectively. Note that, in this scheme, we are effectively 
representing the spin operators in terms of the Pauli matrices: 

l^k. (5.73) 

The expectation value ofSk can be written in terms of spinors and the Pauli matrices: 

(Sk) = <A| Sk |A) = 2<A|+X+| Sk l+X+IA) = 1^ j / cTkX. (5.74) 
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The fundamental commutation relation for angular momentum, Equation (5.1), can be com- 
bined with (5.73) to give the following commutation relation for the Pauli matrices: 

o-xa- = 2io-. (5.75) 

It is easily seen that the matrices (5.70)-(5.72) actually satisfy these relations (i.e., cri (T2 -<T20-\ = 
2icr3, plus all cyclic permutations). It is also easily seen that the Pauli matrices satisfy the anti- 
commutation relations 

{cri,crj} = 26tj. (5.76) 

Here, {a,b] = ab + b a. 

Let us examine how the Pauli scheme can be extended to take into account the position of a 
spin one-half particle. Recall, from Section 5.3, that we can represent a general basis ket as the 
product of basis kets in position space and spin space: 

\x',y',z',±) = \x',y',z')\±) = \±)\x' ,y' ,z'). (5.77) 

The ket corresponding to state A is denoted ||A)), and resides in the product space of the position 
and spin ket spaces. State A is completely specified by the two wavefunctions 

il,^(x',y',z') = {x',y',z'\{+\m, (5.78) 

il^_ix',y',z') = (x',y',z'\(-\\A)). (5.79) 

Consider the operator relation 

\\A')) = Sk\\A)). (5.80) 

It is easily seen that 

(x', y', z'\(+\A')) = (+1 5, \+)(x', y', z'\(+\\A)) + (+| 5, |-)<x', y', z'\{-\\A)), (5.81) 

(x', y', z'\(-\A')) = {-\S, \+Kx', y', z'|(+||A» + <-| 5, |-)(x', y', z'|(-||A», (5.82) 

where use has been made of the fact that the spin operator commutes with the eigenbras 
{x',y',z'\. It is fairly obvious that we can represent the operator relation (5.80) as a matrix re- 
lation if we generalize our definition of a spinor by writing 

and so on. The components of a spinor are now wavefunctions, instead of complex numbers. In 
this scheme, the operator equation (5.80) becomes simply 

x' = ii]crkX- (5.84) 



Consider the operator relation 

\\A')) = PkWA)). 



(5.85) 
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In the Schrodinger representation, we have 



{x',y',z'\(+\A')) = (x',y',z'\pk(+m) = -in—(x',y',z'\(+m, (5.86) 
{x',y',z'\(-\A')) = (x',y',z'\pk(-\\A)) = -in—{x',y',z'\(-\\A)), (5.87) 



where use has been made of Equation (2.78). The above equation reduces to 

«A;(x')\ / -i^5.A+(x')/5< 
(/^l(x') I \ -indi//_ix')/dx'i^ 



(5.88) 



Thus, the operator equation (5.85) can be written 

x'=PkX, (5.89) 

where 

Pk^-ifi — l. (5.90) 

dx^ 

Here, 1 is the 2x2 unit matrix. In fact, any position operator (e.g., pt or Lk) is represented in the 
Pauli scheme as some differential operator of the position eigenvalues multiplied by the 2 x 2 unit 
matrix. 

What about combinations of position and spin operators? The most commonly occurring com- 
bination is a dot product: e.g., S • L = (h/T) <t • L. Consider the hybrid operator cr • a, where 
a = (ux, tty, Oj) is some vector position operator. This quantity is represented as a 2 x 2 matrix: 



(T ■ a 

' k 



.j:*<r. = ( "'-"M. (5.91) 



Since, in the Schrodinger representation, a general position operator takes the form of a differential 
operator in x', y', or z', it is clear that the above quantity must be regarded as a matrix differential 
operator that acts on spinors of the general form (5.83). The important identity 

(o--a)(o--b) = a-b + io--(axb) (5.92) 

follows from the commutation and anti-commutation relations (5.75) and (5.76). Thus, 

j k j k \^ ^ I 

= 2 ^Yi^i^ ^ ^ ^^^^ ^} 

j k 

= a-b + io--(axb). (5.93) 
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A general rotation operator in spin space is written 

T(A(p) = exp (-i S • rvAipin) , 



(5.94) 



by analogy with Equation (5.24), where n is a unit vector pointing along the axis of rotation, and 
Acp is the angle of rotation. Here, n can be regarded as a trivial position operator. The rotation 
operator is represented 

exp (-i S • nJ(p/fi) exp (-i tr • nJ(p/2) (5.95) 

in the Pauli scheme. The term on the right-hand side of the above expression is the exponential of 
a matrix. This can easily be evaluated using the Taylor series for an exponential, plus the rules 



(a ■nf=l 



for k even, 
for k odd. 



(5.96) 
(5.97) 



These rules follow trivially from the identity (5.92). Thus, we can write 



exp(-io--nzf^/2) = 



1 - 



2! 



+ 



4! 



+ • • 



- 1 



T 



(cr- n)^ (A(p 
3! 



+ 



= cos(A(p/2) 1 - i sin(^^/2) tr • n. 

The explicit 2x2 form of this matrix is 

cos(A(p/2) -in^ sm(A(p/2) (-i nx - riy) sin(A(p/2) 
(-i + Uy) sm(A(p/2) cos(A(p/2) + i sin(zl^/2) 



(5.98) 



(5.99) 



Rotation matrices act on spinors in much the same manner as the corresponding rotation operators 
act on state kets. Thus, 

y = exp (-i a ■ nA(p/2)x, (5. 100) 

wherey denotes the spinor obtained after rotating the spinor;^' ^ angle A(p about the n-axis. The 
Pauli matrices remain unchanged under rotations. However, the quantity ^^f^ crtX is proportional to 
the expectation value of S^; [see Equation (5.74)], so we would expect it to transform like a vector 
under rotation (see Section 5.4). In fact, we require 



I 



(5.101) 



where the Ru are the elements of a conventional rotation matrix. This is easily demonstrated, 
because 



exp 



icrj,A(p\ 



a\ exp 



-i(Tj,Aip 



= CTi cos^^ - 0-2 sinzl^ 



(5.102) 
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plus all cyclic permutations. The above expression is the 2 x 2 matrix analogue of (see Section 5.4) 

expl — ^jS^expi ^— ^1 = cosAtp-Sy smA(p. (5.103) 

The previous two formulae can both be validated using the Baker-Hausdorff lemma, (5.31), which 
holds for Hermitian matrices, in addition to Hermitian operators. 



5.8 Spin Greater Than One-Half Systems 

In the absence of spin, the Hamiltonian can be written as some function of the position and momen- 
tum operators. Using the Schrodinger representation, in which p — > -i ^ V, the energy eigenvalue 
problem, 

H\E) = E\E), (5.104) 

can be transformed into a partial differential equation for the wavefunction (A(x') = {'s!\E). This 
function specifies the probability density for observing the particle at a given position, x'. In 
general, we find 

Hilr = Eilf, (5.105) 

where H is now a partial differential operator. The boundary conditions (for a bound state) are 
obtained from the normalization constraint 

J d^x'\i/r\^ = 1. (5.106) 

This is all very familiar. However, we now know how to generalize this scheme to deal with a 
spin one-half particle. Instead of representing the state of the particle by a single wavefunction, we 
use two wavefunctions. The first, specifies the probability density of observing the particle 

at position x' with spin angular momentum +fi/2 in the z-direction. The second, il^-(x'), specifies 
the probability density of observing the particle at position x' with spin angular momentum -%/2 
in the z-direction. In the Pauli scheme, these wavefunctions are combined into a spinor, x, which 
is simply the column vector of and In general, the Hamiltonian is a function of the position, 
momentum, and spin operators. Adopting the Schrodinger representation, and the Pauli scheme, 
the energy eigenvalue problem reduces to 

fix = Ex, (5.107) 

where is a spinor (i.e., a 2 x 1 matrix of wavefunctions) and if is a 2 x 2 matrix partial diff^erential 
operator [see Equation (5.91)]. The above spinor equation can always be written out explicitly as 

two coupled partial differential equations for and if/-. 

Suppose that the Hamiltonian has no dependence on the spin operators. In this case, the Hamil- 
tonian is represented as diagonal 2x2 matrix partial differential operator in the Schrodinger/Pauli 
scheme [see Equation (5.90)]. In other words, the partial differential equation for ^+ decouples 
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from that for if/-. In fact, both equations have the same form, so there is only really one differential 
equation. In this situation, the most general solution to Equation (5.107) can be written 



Here, lA^(x') is determined by the solution of the differential equation, and the c± are arbitrary 
complex numbers. The physical significance of the above expression is clear. The Hamiltonian 
determines the relative probabilities of finding the particle at various different positions, but the 
direction of its spin angular momentum remains undetermined. 

Suppose that the Hamiltonian depends only on the spin operators. In this case, the Hamilto- 
nian is represented as a 2 x 2 matrix of complex numbers in the Schrodinger/Pauli scheme [see 
Equation (5.73)], and the spinor eigenvalue equation (5.107) reduces to a straightforward matrix 
eigenvalue problem. The most general solution can again be written 



Here, the ratio c+/c_ is determined by the matrix eigenvalue problem, and the wavef unction (A(x') 
is arbitrary. Clearly, the Hamiltonian determines the direction of the particle's spin angular mo- 
mentum, but leaves its position undetermined. 

In general, of course, the Hamiltonian is a function of both position and spin operators. In this 
case, it is not possible to decompose the spinor as in Equations (5. 108) and (5. 109). In other words, 
a general Hamiltonian causes the direction of the particle's spin angular momentum to vary with 
position in some specified manner. This can only be represented as a spinor involving different 
wavefunctions, 1//+ and 

But, what happens if we have a spin one or a spin three-halves particle? It turns out that we can 
generalize the Pauli two-component scheme in a fairly straightforward manner. Consider a spin-5 
particle: i.e., a particle for which the eigenvalue of is j'(5 -I- l)h^. Here, s is either an integer, 
or a half -integer. The eigenvalues of are written s^h, where is allowed to take the values 
s,s - 1, • • • ,-s + 1,-5. In fact, there eire 2 5 -i- 1 distinct allowed values of s^. Not surprisingly, 
we can represent the state of the particle by 2 5 -I- 1 different wavefunctions, denoted i//s^(x'). Here, 
i/f s^(x') specifies the probability density for observing the particle at position x' with spin angular 
momentum fi in the z-direction. More exactly. 



where ||A)) denotes a state ket in the product space of the position and spin operators. The state 
of the particle can be represented more succinctly by a spinor, which is simply the 2 5 -1- 1 
component column vector of the ^^^^(x'). Thus, a spin one-half particle is represented by a two- 
component spinor, a spin one particle by a three-component spinor, a spin three-halves particle by 
a four-component spinor, and so on. 

In this extended Schrodinger/Pauli scheme, position space operators take the form of diagonal 
(2 s + 1) X (2 5 -I- 1) matrix differential operators. Thus, we can represent the momentum operators 




(5.108) 




(5.109) 



^/r,^(x') = <x'K5,5,||A», 



(5.110) 
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as [see Equation (5.90)] 

Pk^-in — 1, (5.111) 

where 1 is the (2 5 + l)x(2s + 1) unit matrix. We represent the spin operators as 

5'^ sficTk, (5.112) 
where the (2^^ + l)x(2j' + 1) extended Pauli matrix cru has elements 

{s,j\Sk\s, I) 

{o-k)ji = ; . (5.113) 

sfi 

Here, j, I are integers, or half-integers, lying in the range -s to +s. But, how can we evaluate the 
brackets (s, j\Sk\s, I) and, thereby, construct the extended Pauli matrices? In fact, it is trivial to 
construct the cr^ matrix. By definition, 

S,\s,j) = jn\s,j). (5.114) 

Hence, 

(0-3)] I = T = -oji, (5.115) 

sh s 

where use has been made of the orthonormality property of the \s,j). Thus, cr^ is the suitably 
normalized diagonal matrix of the eigenvalues of 5^.. The matrix elements of cTx and CTy are most 
easily obtained by considering the shift operators, 

S^=S, + iSy. (5.116) 

We know, from Equations (4.55)-(4.56), that 

S^\s,j) = [s(s+l)-jU+l)]''^n\s,j+l), (5.117) 

S-\s,j) = [s(s+l)-j(j- l)]''H\s,j- 1). (5.118) 

It follows from Equations (5.113), and (5.1 16)-(5.118), that 

io-i)ji = SjM + Sji-u (5.119) 

(0-2) ji = TT-. Sj ,+1 — 6j /_i . (5. 120) 

2is 2is 

According to Equations (5.115) and (5.119)-(5.120), the Pauli matrices for a spin one-half (s = 
1/2) particle are 



cri=\^^ qJ, (5.121) 
-2 = [\-^), (5.122) 
(r3 = ii ?), (5.123) 
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as we have seen previously. For a spin one = 1) particle, we find that 

^0 1 0^ 
1 



0-2 = 



1 



1 



1 

10 

ro 

i 




1 Oj 



-1 

i 



0^ 
-i 

oJ 



(5.124) 



(5.125) 



'1 0^ 

cr3 = . (5.126) 
[O -ij 

In fact, we can now construct the Pauli matrices for a spin anything particle. This means that we 
can convert the general energy eigenvalue problem for a spin- 5 particle, where the Hamiltonian 
is some function of position and spin operators, into 2s + I coupled partial differential equations 
involving the 2 5 + 1 wavefunctions i/'i^(x'). Unfortunately, such a system of equations is generally 
too complicated to solve exactly. 



Exercises 

5.1 Demonstrate that the operators defined in Equations (5.11)-(5.13) are Hermitian, and sat- 
isfy the commutation relations (5.1). 

5.2 Prove the Baker-Hausdorff lemma, (5.31). 

5.3 Find the Pauli representations of the normalized eigenstates of and Sy for a spin-1/2 
particle. 

5.4 Suppose that a spin-1/2 particle has a spin vector that lies in the x-z plane, making an 
angle 6 with the z-axis. Demonstrate that a measurement of yields fi/2 with probability 
cos^(9/2), and -n/2 with probability sin^(6'/2). 



5.5 An electron is in the spin-state 



1 -2i 
2 



in the Pauli representation. Determine the constant A by normalizing If a measurement 
of is made, what values will be obtained, and with what probabilities? What is the 
expectation value of 5^? Repeat the above calculations for and Sy. 



5.6 Consider a spin-1/2 system represented by the normalized spinor 

X = 



cos a 
sin a exp(iy0) 

in the Pauli representation, where a and /3 are real. What is the probability that a measure- 
ment of Sy yields -Ti/27 
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5.7 An electron is at rest in an oscillating magnetic field 

B = fio cos(a» t) e^, 
where Bq and oj are real positive constants. 

(a) Find the Hamiltonian of the system. 

(b) If the electron starts in the spin-up state with respect to the x-axis, determine the spinor 
x(t) that represents the state of the system in the Pauli representation at all subsequent 
times. 

(c) Find the probability that a measurement of yields the result -fi/2 as a function of 
time. 

(d) What is the minimum value of Bq required to force a complete flip in 5^? 
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6 Addition of Angular Momentum 



6.1 Introduction 

Consider a hydrogen atom whose orbiting electron is in an / = 1 state. The electron, consequently, 
possesses orbital angular momentum of magnitude and spin angular momentum of magnitude 
Ji/2. So, what is the electron's total angular momentum? 

6.2 Analysis 

In order to answer this question, we need to learn how to add angular momentum operators. Con- 
sider the most general case. Suppose that we have two sets of angular momentum operators, Ji and 
J2. By definition, these operators are Hermitian, and obey the fundamental commutation relations 

JiXJi=i;iJi, (6.1) 
hxh = iJih- (6.2) 

Let us assume that the two groups of operators correspond to different degrees of freedom of the 
system, so that 

[Ju,J2j] = 0, (6.3) 

where /, j stand for either x, y, or z. For instance, Ji could be an orbital angular momentum 
operator, and J2 a spin angular momentum operator. Alternatively, Ji and J 2 could be the orbital 
angular momentum operators of two diff'erent particles in a multi-particle system. We know, from 
the general properties of angular momentum, that the eigenvalues of and can be written 
ji {ji + l)ff and j2 (j2 + l)ff, respectively, where j'l and j2 are either integers, or half -integers. We 
also know that the eigenvalues of Ji , and 72z take the form mi fi and m2 fi, respectively, where mi 
and m2 are numbers lying in the ranges ;i, ;i - 1, • • • , -;i + 1, -j'l and j2, 72 - 1, • • • , -ji + 1, -ji, 
respectively. 

Let us define the total angular momentum operator 

J = Ji + h (6.4) 

Now, J is an Hermitian operator, because it is the sum of Hermitian operators. Moreover, according 
to Equations (4.11) and (4.14), J satisfies the fundamental commutation relation 

JxJ = i^J. (6.5) 

Thus, J possesses all of the expected properties of an angular momentum operator. It follows that 
the eigenvalue of 7^ can be written j (j + 1) ff, where j is an integer, or a half-integer. Moreover, 
the eigenvalue of takes the form mh, where m lies in the range j, j - 1, • • • ,-j+ 1, - j- At this 
stage, however, we do not know the relationship between the quantum numbers of the total angular 
momentum, j and m, and those of the individual angular momenta, ji, j2,mi, and m2. 
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Now, 

Furthermore, we know that 



y2 = y2^y2^2Ji-J2. (6.6) 



[Jt,Ju]=0, (6.7) 
[7|,72,]=0, (6.8) 

and also that all of the Jn, operators commute with the J2i, J 2 operators. It follows from 
Equation (6.6) that 

[y2,7f] = [72,7|] = 0. (6.9) 

This implies that the quantum numbers ji, 72, and j can all be measured simultaneously. In other 
words, we can know the magnitude of the total angular momentum together with the magnitudes 
of the component angular momenta. However, it is apparent from Equation (6.6) that 

[7^7u]^0, (6.10) 
{j\j2z^*Q. (6.11) 

This suggests that it is not possible to measure the quantum numbers mi and m2 simultaneously 
with the quantum number j. Thus, we cannot determine the projections of the individual angular 
momenta along the z-axis at the same time as the magnitude of the total angular momentum. 

It is clear, from the preceding discussion, that we can form two alternate groups of mutually 
commuting operators. The first group is J^, J2, Jiz, and 72z- The second group is J^, J2, J^, and 
J^. These two groups of operators are incompatible with one another. We can define simultaneous 
eigenkets of each operator group. The simultaneous eigenkets of J^, J2, Jiz, and are denoted 
\juji\mi,m2), where 

Ji \juh\ mi,m2) = j\ (ji + 1) ff' I71, 72; mi, m2), (6.12) 
J2\jiJ2;ini,m2) = 72(72 + I)fi^\ji,j2;mi,m2), (6.13) 
Jiz\jij2;ini,m2) = mi li 171,72; mi, m2), (6.14) 
hz \ju ji; mi, m2) = m2 ^ Ijiji; mi, m2). (6.15) 

The simultaneous eigenkets of J^, Jl,J^ and 7^ are denoted I71, 72; 7, m), where 

Ji \i\J2, j, m) = 71 (71 + 1)%^ I71, 72; j, m), (6.16) 

Ji \ji , h ; m) = 72 (72 + 1 ) l7i , h ; m), (6. 17) 

J^\ju h ; m) = j(j+l)n^\ju 72 ; 7, m), (6.18) 

Jz\jij2;j,m) = m ^ 171,72; 7, m). (6.19) 

Each set of eigenkets are complete, mutually orthogonal (for eigenkets corresponding to different 
sets of eigenvalues), and have unit norms. Since the operators and 7| are common to both 



Addition of Angular Momentum 



93 



operator groups, we can assume that the quantum numbers ji and j2 are known. In other words, 
we can always determine the magnitudes of the individual angular momenta. In addition, we can 
either know the quantum numbers mi and m2, or the quantum numbers j and m, but we cannot 
know both pairs of quantum numbers at the same time. We can write a conventional completeness 
relation for both sets of eigenkets: 

22l;i'j2;wi,m2)0'i,;2;mi,m2l = 1, (6.20) 

mi m2 

2] 2 ^j^'j^'- ^^UiJi, j, m| = 1, (6.21) 

j m 

where the right-hand sides denote the identity operator in the ket space corresponding to states of 
given ji and 72- The summation is over all allowed values of mi, mj, j, and m. 

As we have seen, the operator group J'^, J^, J^, and is incompatible with the group J^, J^, 
Ji J., and J2z- This means that if the system is in a simultaneous eigenstate of the former group then, 
in general, it is not in an eigenstate of the latter. In other words, if the quantum numbers ji, j2, j, 
and m are known with certainty then a measurement of the quantum numbers mi and m2 will give 
a range of possible values. We can use the completeness relation (6.20) to write 

\juj2; j, m) = 2 Yj^j^'j^' '"I' "^2171, J2; m)|7i, 72; mi, m2). (6.22) 

mi m2 

Thus, we can write the eigenkets of the first group of operators as a weighted sum of the eigenkets 
of the second set. The weights, (ji, j2',mi,m2\ji, j2', j,in), are called the Clebsch-Gordon coeffi- 
cients. If the system is in a state where a measurement of J^, J2,J^, and is bound to give the 
results 71 (71 + 1) /i^, 72 (72 + 1) 7 (7 + 1) and %, respectively, then a measurement of /i^ and 
J2z will give the results mi fi and m2^, respectively, with probability j2,fn.\,m2\ji, j2', j,fn)\^. 

The Clebsch-Gordon coefficients possess a number of very important properties. First, the 
coefficients are zero unless 

m = mi -I- m2. (6.23) 

To prove this, we note that 

(/,- 7u -72z) 171,72; 7, m) = 0. (6.24) 
Forming the inner product with (71, 72; m\,m2\, we obtain 

(m - mi - m2) <7i, 72; mi, m2l7i, 72; j, m) = 0, (6.25) 

which proves the assertion. Thus, the z-components of diff"erent angular momenta add alge- 
braically. So, an electron in an / = 1 state, with orbital angular momentum fi, and spin angular 
momentum fill, projected along the z-axis, constitutes a state whose total angular momentum pro- 
jected along the z-axis is 3 fijl. What is uncertain is the magnitude of the total angular momentum. 
Second, the coefficients vanish unless 



I71 - 72I < 7 ^ ji + 72- 



(6.26) 
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We can assume, without loss of generality, that ji > j2. We know, from Equation (6.23), that for 
given ji and 72 the largest possible value of m is ji + 72 (because 71 is the largest possible value of 
mi, etc.). This implies that the largest possible value of 7 is 71 + 72 (since, by definition, the largest 
value of m is equal to 7). Now, there are (2 ji + 1) allowable values of mi and (2 72 + 1) allowable 
values of m2. Thus, there are (2 71 + 1) (2 72 + 1) independent eigenkets, I71, 72; w^i, ^2), needed to 
span the ket space corresponding to fixed 71 and 72. Because the eigenkets 171,72; 7, m) span the 
same space, they must also form a set of (2 71 + 1) (2 72 + 1) independent kets. In other words, there 
can only be (2 71 + 1) (2 72 + 1) distinct allowable vdues of the queintum numbers 7 and m. For each 
allowed value of 7, there are 2 7 + 1 allowed values of m. We have already seen that the maximum 
allowed value of 7 is 71 + 72. It is easily seen that if the minimum allowed value of 7 is 71 - 72 then 
the total number of allowed values of 7 and m is (2 71 + 1) (2 72 + 1): i.e., 

J] (2 7 + 1) ^ (2 71 + 1) (2 72 + 1). (6.27) 



J=jl-J2,jl+J2 



This proves our assertion. 

Third, the sum of the modulus squared of all of the Clebsch-Gordon coeflacients is unity: i.e., 

^^\{jij2;mum2\ji, ji; j,m)\^ = 1. (6.28) 

mi m2 

This assertion is proved as follows: 

(71. 72; j, m\j\,h; j, m) = 2 ^(jiji; j, w|7i, 72; mi,m2){ju ji, wi, m2l7i, 72; j, m) 

mi m2 

= j2;mum2\ji, ji; = 1^ (6-29) 



mi m2 



where use has been made of the completeness relation (6.20). 

Finally, the Clebsch-Gordon coeflftcients obey two recursion relations. To obtain these rela- 
tions, we start from 

•/*l7i> 72; j, m) = (7f + 7|) 2 2(7i> 72; m[, mjlji, 72; j, m)\juj2, m[, m'^). (6.30) 

m'j m'^ 

Making use of the well-known properties of the shift operators, which are specified by Equa- 
tions (4.55)-(4.56), we obtain 

V7'(7'+ l)-w(m+ 1) l7i, 72; j,m+l) = ^7i (7i + 1) - m\ (m[ + 1) I71, 72; m[ + 1, m2) 



+ ^72(72 + 1) -m^(m^ + 1) |7'i, 72; m'l, m2 ± l)j 

X <7i, 72; m\,m'2\ji, 72; j, m). (6.31) 
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Taking the inner product with < ji , i2',m\,m2\, and making use of the orthonormality property of the 
basis eigenkets, we obtain the desired recursion relations: 

ViO"+ l)-m(m+ 1) <7i , j2, mi , imMi , 72; 7, m + 1) = Vji O'l + 1) - (mi + 1) 

X <7i, 72; mi + 1, m2l7i, 72; j, m) 

+ V72(72 + 1) -m2 (m2 + 1) 

X (71,72; mi, m2 + l\ji,j2;j,m). (6.32) 

It is clear, from the absence of complex coupling coefficients in the above relations, that we can 
always choose the Clebsch-Gordon coefficients to be real numbers. This is convenient, because it 
ensures that the inverse Clebsch-Gordon coefficients, (71, 72; 7, m\ji,j2', mi, m2>, are identical to the 
Clebsch-Gordon coefficients. In other words, 

{jij2',j,tn\ji,j2;mum2) = j2,mi,m2\j\, ji, i,m). (6.33) 

The inverse Clebsch-Gordon coefficients are the weights in the expansion of the I71, 72; mi, m2) in 
terms of the \ji,j2\j,m): 

I71, 72; mi, m2) = 2 ^{juji, j, m|7i, 72; mi, m2)l7i, 72; j, m). (6.34) 

i m 

It turns out that the recursion relations (6.32), together with the normalization condition (6.28), 
are sufficient to completely determine the Clebsch-Gordon coefficients to within an arbitrary sign 
(multiplied into all of the coefficients). This sign is fixed by convention. The easiest way of 
demonstrating this assertion is by considering a specific example. 

Let us add the angular momentum of two spin one-half systems: e.g., two electrons at rest. So, 
7i = 72 = 1/2. We know, from general principles, that |mi| < 1/2 and \m2\ < 1/2. We also know, 
from Equation (6.26), that < 7 < 1, where the allowed values of 7 differ by integer amounts. 
It follows that either 7 = or 7 = 1 . Thus, two spin one-half systems can be combined to form 
either a spin zero system or a spin one system. It is helpful to arrange all of the possibly non-zero 
Clebsch-Gordon coefficients in a table: 



mi 


1712 










1/2 


1/2 


? 


7 


7 


7 


1/2 


-1/2 


? 


7 


7 


7 


-1/2 


1/2 


? 


7 


7 


7 


-1/2 


-1/2 


? 


7 


7 


7 


Ji = l/2 


i 


1 


1 


1 





72=1/2 


m 


1 





-1 






The box in this table corresponding to mi = 1/2, m2 = 1/2, 7 = l,m = 1 gives the Clebsch- 
Gordon coefficient (1/2, 1/2; 1/2, l/2|l/2, 1/2; 1, 1), or the inverse Clebsch-Gordon coefficient 
(1/2, 1/2; 1, l|l/2, 1/2; 1/2, 1/2). All the boxes contain question marks because, at this stage, 
we do not know the values of any Clebsch-Gordon coefficients. 
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A Clebsch-Gordon coefficient is automatically zero unless mi + 1712 = m. In other words, the 
z-components of angular momentum have to add algebraically. Many of the boxes in the above 
table correspond to mi + m2 ^ m. We immediately conclude that these boxes must contain zeroes: 
i.e.. 



mi 


m2 










1/2 


1/2 


? 











1/2 


-1/2 





9 





7 


-1/2 


1/2 





7 





7 


-1/2 


-1/2 








7 





Ji=l/2 


j 


1 


1 


1 





72=1/2 


m 


1 





-1 






The normalization condition (6.28) implies that the sum of the squares of all the rows and 
columns of the above table must be unity. There are two rows and two columns that only con- 
tain a single non-zero entry. We conclude that these entries must be +1, but we have no way of 
determining the signs at present. Thus, 



mi 


m.2 










1/2 


1/2 


+ 1 











1/2 


-1/2 





7 





? 


-1/2 


1/2 





7 





7 


-1/2 


-1/2 








+1 





71=1/2 


7 


1 


1 


1 





72=1/2 


m 


1 





-1 






Let us evaluate the recursion relation (6.32) for jx = ji = 1/2, with j = 1, m = 0, mi = m2 = 
+ 1/2, taking the upper/lower sign. We find that 

(1/2, -1/2|1,0) + <-l/2, 1/2|1,0) = V2<l/2, 1/2|1, 1) = + V2, (6.35) 

and 

(1/2, -1/211,0)-^ (-1/2,1/211,0)= V2(-l/2,-l/2|l,-l) = ±V2. (6.36) 
Here, the ji and 72 labels have been suppressed for ease of notation. We also know that 

(l/2,-l/2|l,0)2 + (-l/2,l/2|l,0)2 = 1, (6.37) 

from the normalization condition. The only real solutions to the above set of equations are 

V2(l/2,-l/2|l,0)= >^ (-1/2,1/211,0) 

= (1/2, 1/2|1, 1) = (1/2, 1/2|1, -1) = +1. (6.38) 
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The choice of sign is arbitrary — the conventional choice is a positive sign. Thus, our table now 
reads 



mi 


m2 










1/2 


1/2 


1 











1/2 


-1/2 





1/ V2 





7 


-1/2 


1/2 





1/V2 





? 


-1/2 


-1/2 








1 





71 = 1/2 


j 


1 


1 


1 





j2=l/2 


m 


1 





-1 






We could fill in the remaining unknown entries of our table by using the recursion relation 
again. However, an easier method is to observe that the rows and columns of the table must all be 
mutually orthogonal. That is, the dot product of a row with any other row must be zero. Likewise, 
for the dot product of a column with any other column. This follows because the entries in the table 
give the expansion coefficients of one of our alternative sets of eigenkets in terms of the other set, 
and each set of eigenkets contains mutually orthogonal vectors with unit norms. The normalization 
condition tells us that the dot product of a row or column with itself must be unity. The only way 
that the dot product of the fourth column with the second column can be zero is if the unknown 
entries are equal and opposite. The requirement that the dot product of the fourth column with 
itself is unity tells us that the magnitudes of the unknown entries have to be 1 / V2. The unknown 
entries are undetermined to an arbitrary sign multiplied into them both. Thus, the final form of our 
table (with the conventional choice of arbitrary signs) is 



mi 


m2 










1/2 


1/2 


1 











1/2 


-1/2 





1/V2 





1/V2 


-1/2 


1/2 





1/V2 





-1/V2 


-1/2 


-1/2 








1 





71=1/2 




1 


1 


1 





72=1/2 


m 


1 





-1 






The table can be read in one of two ways. The columns give the expansions of the eigenstates 
of overall angular momentum in terms of the eigenstates of the individual angular momenta of the 
two component systems. Thus, the second column tells us that 

11,0) = ^ (|l/2, -1/2) + I - 1/2, 1/2)) . (6.39) 

The ket on the left-hand side is a \j, m) ket, whereas those on the right-hand side are \mi,m2) kets. 
The rows give the expansions of the eigenstates of individual angular momentum in terms of those 
of overall angular momentum. Thus, the second row tells us that 



11/2,-1/2) = ^(|1,0) + |0,0)). 



(6.40) 
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Here, the ket on the left-hand side is a |mi, ma) ket, whereas those on the right-hand side are \j, m) 
kets. 

Note that our table is really a combination of two sub-tables, one involving j = states, 
and one involving 7=1 states. The Clebsch-Gordon coefficients corresponding to two different 
choices of j are completely independent: i.e., there is no recursion relation linking Clebsch-Gordon 
coefficients corresponding to different values of j. Thus, for every choice of j'l, jj, and j we can 
construct a table of Clebsch-Gordon coefficients corresponding to the diff'erent allowed values of 
mi, m2, and m (subject to the constraint that mi + m2 = m). A complete knowledge of angular 
momentum addition is equivalent to a knowing all possible tables of Clebsch-Gordon coefficients. 
These tables are listed (for moderate values of ji, 72 and 7) in many standard reference books. 

Exercises 

6.1 Calculate the Clebsch-Gordon coefficients for adding spin one-half to spin one. 

6.2 Calculate the Clebsch-Gordon coefficients for adding spin one to spin one. 

6.3 An electron in a hydrogen atom occupies the combined spin and position state whose wave- 
function is 

ilr = R2i(r)[ VT73 Fi o(e, <p)x^ + V273 Fi i(0, ip)x-] . 

(a) What values would a measurement of yield, and with what probabilities? 

(b) Same for L^. 

(c) Same for 

(d) Same for S^. 

(e) Same for i^. 

(f) Same for J^. 

(g) What is the probability density for finding the electron at r, 6, ^? 

(h) What is the probability density for finding the electron in the spin up state (with re- 
spect to the z-axis) at radius r? 

6.4 In a low energy neutron-proton system (with zero orbital angular momentum) the potential 
energy is given by 



V{x) = Viir) + V2ir) 



(o-„ ■ x) (a-/, ■ x) 



r (Tn-O-j, 



where r = |x|, cr„ denotes the vector of the Pauli matrices of the neutron, and CTp denotes the 
vector of the Pauli matrices of the proton. Calculate the potential energy for the neutron- 
proton system: 



(a) In the spin singlet (i.e., spin zero) state. 
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(b) In the spin triplet (i.e., spin one) state. 

[Hint: Calculate the expectation value of V(x) with respect to the overall spin state.] 
6.5 Consider two electrons in a spin singlet (i.e., spin zero) state. 

(a) If a measurement of the spin of one of the electrons shows that it is in the state with 
5 2 = h/2, what is the probability that a measurement of the z-component of the spin 
of the other electron yields = fi/21 

(b) If a measurement of the spin of one of the electrons shows that it is in the state with 
Sy = 1i/2, what is the probability that a measurement of the x-component of the spin 
of the other electron yields Sx = -%I21 

(c) Finally, if electron 1 is in a spin state described by cos a^x-ir + sin ori e^^';^'-, and elec- 
tron 2 is in a spin state described by cos a2X+ + sinQ'2 1^^- x-, what is the probability 
that the two-electron spin state is a triplet (i.e., spin one) state? 
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7 Time-Independent Perturbation Theory 



7.1 Introduction 

We have developed techniques by which the general energy eigenvalue problem can be reduced to 
a set of coupled partial differential equations involving various wavefunctions. Unfortunately, the 
number of such problems that yield exactly soluble equations is comparatively small. It is, there- 
fore, necessary to develop techniques for finding approximate solutions to otherwise intractable 
problems. 

Consider the following problem, which is very common. The Hamiltonian of a system is 
written 

H = Ho + Hi. (7.1) 

Here, Hq is a simple Hamiltonian for which we know the exact eigenvalues and eigenstates. Hi 
introduces some interesting additional physics into the problem, but it is sufficiently complicated 
that when we add it to Hq we can no longer find the exact energy eigenvalues and eigenstates. 
However, Hi can, in some sense (which we shall specify more exactly later on), be regarded as 
being small compared to Hq. Let us try to find approximate eigenvalues and eigenstates of the 
modified Hamiltonian, Hq + Hi, by perfomung a perturbation analysis about the eigenvalues and 
eigenstates of the original Hamiltonian, Hq. 



7.2 Two-State System 

Let us start by considering time-independent perturbation theory, in which the modification to the 
Hamiltonian, Hi, has no explicit dependence on time. It is usually assumed that the unperturbed 
Hamiltonian, Hq, is also time-independent. 

Consider the simplest non-trivial system, in which there are only two independent eigenkets of 
the unperturbed Hamiltonian. These are denoted 

Holl) = Ei\\), (7.2) 
Ho 12) = ^2 12). (7.3) 

It is assumed that these states, and their associated eigenvalues, are known. Because Hq is, by 
definition, an Hermitian operator, its two eigenkets are mutually orthogonal and form a complete 
set. The lengths of these eigenkets are both normalized to unity. Let us now try to solve the 
modified energy eigenvalue problem 

(Ho + Hi) \E) = E \E). (7.4) 



In fact, we can solve this problem exactly. Since the eigenkets of Hq form a complete set, we can 
write 

\E) = {\\E)\\) + {1\E)\1). (7.5) 
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Right-multiplication of Equation (7.4) by (1| and (2| yields two coupled equations, which can be 
written in matrix form: 

E,-E + en en U<1|^)L(°^ r? fi^ 

<2 E2-E + e22 l\(2\E)j [oj- ^''''^ 

Here, 

en = {l\H,\l), (7.7) 

€22 = (2|//i|2), (7.8) 

en = <l|Hi|2). (7.9) 

In the special (but common) case of a perturbing Hamiltonian whose diagonal matrix elements (in 
the unperturbed eigenstates) are zero, so that 

en = e22 = 0, (7.10) 
the solution of Equation (7.6) (obtained by setting the determinant of the matrix equal to zero) is 

^ iE,+E2)± y/(E,-E2)^ + 4\en\^ 

E= '—^ . (7.11) 

Let us expand in the supposedly small parameter 

kill 

We obtain 

E^^(E,+E2)±^(Ei-E2)(l+2e' + ---). (7.13) 

The above expression yields the modifications to the energy eigenvalues due to the perturbing 
Hamiltonian: 

E', = E2-^^ + ---. (7.15) 

El -E2 

Note that Hi causes the upper eigenvalue to rise, and the lower eigenvalue to fall. It is easily 
demonstrated that the modified eigenkets take the form 

ID' = |l) + -^|2) + --- , (7.16) 
El -E2 

|2)' = |2)--^11) + ... . (7.17) 
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Thus, the modified energy eigenstates consist of one of the unperturbed eigenstates with a slight 
admixture of the other. Note that the series expansion in Equation (7.13) only converges if 2 16| < 1 . 
This suggests that the condition for the validity of the perturbation expansion is 

\en\ < ^ . (7.18) 

In other words, when we say that Hi needs to be small compared to Hq, what we really mean is 
that the above inequality needs to be satisfied. 



7.3 Non-Degenerate Perturbation Theory 

Let us now generalize our perturbation analysis to deal with systems possessing more than two 
energy eigenstates. The energy eigenstates of the unperturbed Hamiltonian, Hq, are denoted 

Ho\n) = E,\n), (7.19) 

where n runs from 1 to N. The eigenkets \n) are orthogonal, form a complete set, and have then- 
lengths normalized to unity. Let us now try to solve the energy eigenvalue problem for the per- 
turbed Hamiltonian: 

iHo + Hi)\E} = E\E). (7.20) 
We can express \E) as a linear superposition of the unperturbed energy eigenkets, 

\E} = J]{k\E)\k), (7.21) 

k 

where the summation is from k = I to N. Substituting the above equation into Equation (7.20), 
and right-multiplying by (m|, we obtain 

(E^ + - E) {m\E) + ^ e^k {k\E) = 0, (7.22) 

where 

e,nk = {m\Hi\k). (7.23) 
Let us now develop our perturbation expansion. We assume that 

-^^^ - 0{e), {12A) 

for all mi^ k, where 6 ^ 1 is our expansion parameter. We also assume that 

^ ~ 0(6), (7.25) 

for all m. Let us search for a modified version of the nth unperturbed energy eigenstate, for which 

E = E„ + 0(6), (7.26) 
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and 

{n\E) = 1, (7.27) 

{m\E) ~ 0(6), (7.28) 

for m n. Suppose that we write out Equation (7.22) for m n, neglecting terms that are 0{€^) 
according to our expansion scheme. We find that 

{E^-E„){m\E) + emn^Q, (7.29) 

giving 

{m\E) - -TT^. (7.30) 

Substituting the above expression into Equation (7.22), evaluated for m = n, and neglecting O(e^) 
terms, we obtain 

(E„ + e„„-E)-y - 0. (7.31) 

k*n ^" 

Thus, the modified nth energy eigenstate possesses an eigenvalue 



\enk\ 

and a eigenket 



= + Cnn + V p^ + 0(6^), (7.32) 
k*n ^" '^'^ 



\n)' = In) + 2 + ^^-^^^ 

Note that 



E„ — Eh 

k*n " 



(m\ny = dmn + + + = ^™ + ^(^')- (7-34) 

tLfi iLffi 

Thus, the modified eigenkets remain orthogonal and properly normalized to 0{e^). 

7.4 Quadratic Stark Effect 

Suppose that a one-electron atom [i.e., either a hydrogen atom, or an alkali metal atom (which 
possesses one valance electron orbiting outside a closed, spherically symmetric, shell)] is subjected 
to a uniform electric field in the positive z-direction. The Hamiltoniein of the system can be split 
into two parts. The unperturbed Hamiltonian, 

Ho = :^ + V(r), (7.35) 



and the perturbing Hamiltonian, 



Hi=e\E\z. 



(7.36) 
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Here, we are neglecting the small difference between the reduced mass, and the electron mass, 
nig. 

It is assumed that the unperturbed energy eigenvalues and eigenstates are completely known. 
The electron spin is irrelevant in this problem (because the spin operators all commute with Hi), 
so we can ignore the spin degrees of freedom of the system. This implies that the system possesses 
no degenerate energy eigenvalues. Actually, this is not true for the n ^ I energy levels of the 
hydrogen atom, due to the special properties of a pure Coulomb potential. It is necessary to deal 
with this case separately, because the perturbation theory presented in Section 7.3 breaks down for 
degenerate unperturbed energy levels. 

An energy eigenket of the unperturbed Hamiltonian is characterized by three quantum numbers — 
the radial quantum number n, and the two angular quantum numbers / and m (see Section 4.6). Let 
us denote such a ket \n, I, m), and let its energy be Enim- According to Equation (7.32), the change 
in this energy induced by a small electric field is given by 

A17 ipi/ 7 I I 7 \^ 2 1^^12 V K», l,m\z\n: l',m')\'^ 

AEnim = e\E\{n,l,m\z\n,l,m) + e \E\ > = — — — . (7.37) 



Now, since 
it follows that 
Thus, 
giving 



Lz = xpy-yp^, (7.38) 

[L„z]=0. (7.39) 

{n, I, ml [L„ z] In', /', m') = 0, (7.40) 

(m - m') {n, I, m\ z \n', I', m') = 0, (7.41) 



because \n, I, m) is, by definition, cin eigenstate of with eigenvalue m %. It is clear, from the 
above relation, that the matrix element {n,l,m\z\n' ,1' ,m') is zero unless m' = m. This is termed 
the selection rule for the quantum number m. 

Let us now determine the selection rule for /. We have 

{L\ z] = [Ll z] + {Ll z\ = [L„ z] + [L„ z] + L, [L„ z] + [Ly, z] Ly 
= ifi {^-Lx y-yLjc + LyX + x Ly^ = 2ih (Ly x - y + ih z) 
= lihiLyX - yL^) = Hh{xLy - L^y), (7.42) 

where use has been made of Equations (4.1)-(4.6). Similarly, 

{L\y} = 2in{L,z-xL,), (7.43) 
{L\x\ = 2in{yL,-LyZ). (7.44) 
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Thus, 

[L^ [L\ z\] = 2in{L\LyX-L,y + inz) = 2in{Ly [L^ x] - [L^ y]+in [L\ z\) 

= -4 Ly (y L,-Lyz) + A L, (L.z-x LJ -in^L'z-z L"). (7.45) 

This reduces to 

[L\ [L\ z]] = -n^ [4 {L,x + Lyy + L, z) L, - 4 {L^^ + + L^) z + l{L^z-z L^)] . (7.46) 
However, it is clear from Equations (4.1)-(4.3) that 

L,x + Lyy + L,z = 0. {lAl) 

Hence, we obtain 



[L^, [L^ z]] = 2 (L'z + z L\ (7.48) 



which can be expanded to give 



L^z-2L^zL^ + zL'^ -2n^{l}z + zL^) = Q. (7.49) 
Equation (7.49) impUes that 

{n, l,m\L'^z-2L^zL^ + zL'^ -2n^{L^z + z L^) \n' , I', m') = 0. (7.50) 
This expression yields 

[l^ (I + if -21(1+ 1) r (/' + I) + l'^ (1' + if - 21(1 + I) - 2 1 (/' + 1)] <n, /, ml z \n' , /', m') = 0, 

(7.51) 

which reduces to 

(/ + r + 2) (/ + /') (/ - r + 1) (I -I'- 1) (n, I, ml z W, r, m') = 0. (7.52) 

According to the above formula, the matrix element {n, I, m\ z \n' , /', m') vanishes unless I = 1' = 
or /' = / + 1. This matrix element can be written 

{n, I, ml z \n', I', m') = J J J dV rniJr", &, ip') / cos ^ i/rn'm'^r' , ff, ip'\ (7.53) 

where ifjni,n(ii') = {x'\n,l,m). Recall, however, that the wavefunction of an / = state is spheri- 
cally symmetric (see Section 4.3): i.e., i/^„o()(x') = i/'„oo(''')- It follows from Equation (7.53) that 
the matrix element vanishes by symmetry when / = /' = 0. In conclusion, the matrix element 
(n, I, m\ z \n', I' ,m') is zero unless I' = This is the selection rule for the quantum number I. 
Application of the selection rules to Equation (7.37) yields 



n' l'=l±l 



AE„. = lEP V V (7.54) 
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Note that all of the terms in Equation (7.37) that vary linearly with the electric field-strength vanish 
by symmetry, according to the selection rules. Only those terms that vary quadratically with the 
field-strength survive. The electrical polarizability, a, of an atom is defined in terms of the electric- 
field induced energy-shift of a given atomic state as follows: 

AE = -^aW\^. (7.55) 

Consider the ground state of a hydrogen atom. (Recall, that we cannot address the n > 1 excited 
states because they are degenerate, and our theory cannot handle this at present). The polarizability 
of this state is given by 

2 ^ 1(1,0, OUk 1,0)1^ 

Here, we have made use of the fact that = ^noo for ^ hydrogen atom. 

The sum in the above expression can be evaluated approximately by noting that [see Equa- 
tion (4.120)] 

E„oo = J (7.57) 

an eo oq 

for a hydrogen atom, where 

«o = ^ (7.58) 

is the Bohr radius. We can write 

3 

EnQQ- EiQQ> E2QQ- EiQQ . (7.59) 

Thus, 

a< y47r6o«o2l<l'0'0|^l«'l'0)l'- (7-60) 

n>l 

However, 

2K1,0,0UK1,0)P= Yj (l,0,0UK,r,m')<n',m',rU|l,0,0) = <l,0,0U2|l,0,0), (7.61) 

n>l n'J',m' 

where we have made use of the fact that the wavef unctions of a hydrogen atom form a complete 
set. It is easily demonstrated from the actual form of the ground-state wavefunction that 



<l,0,OU2|l,0,0) = aol (7.62) 

16 o -J 

a < — 4;r eb Oq =^5.3 4n 60 • (7.63) 

9 

a = - 47160 = 4.5 An «o • (7.64) 

It is possible to obtain this result, without recourse to perturbation theory, by solving Schrodinger's 
equation in parabolic coordinates. 



Thus, we conclude that 



The exact result is 
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7.5 Degenerate Perturbation Theory 

Let us now consider systems in which the eigenstates of the unperturbed Hamiltonian, Hq, pos- 
sess degenerate energy levels. It is always possible to represent degenerate energy eigenstates as 
the simultaneous eigenstates of the Hamiltonian and some other Hermitian operator (or group of 
operators). Let us denote this operator (or group of operators) L. We can write 

HM) = En\n,D, (7.65) 

and 

L\n,l) = L„i\n,l), (7.66) 

where \Hq, L] = 0. Here, the En and the L„/ are real numbers that depend on the quantum numbers 
n, and n and /, respectively. It is always possible to find a sufficient number of operators which 
commute with the Hamiltonian in order to ensure that the L„/ are all different. In other words, we 
can choose L such that the quantum numbers n and / uniquely specify each eigenstate. Suppose 
that for each value of n there are Nn different values of /: i.e., the «th energy eigenstate is A';, -fold 
degenerate. 

In general, L does not commute with the perturbing Hamiltonian, Hi. This implies that the 
modified energy eigenstates are not eigenstates of L. In this situation, we expect the perturbation 
to split the degeneracy of the energy levels, so that each modified eigenstate \n,l)' acquires a 
unique energy eigenvalue E'^^. Let us neiively attempt to use the standard perturbation theory of 
Section 7.3 to evaluate the modified energy eigenstates and energy levels. A direct generalization 
of Equations (7.32) and (7.33) yields 

E'„i = E, + enini+ V ^^^ + 6>(e'), (7.67) 

and 

\n,iy = \n,l}+ y J"''"' \n',n + 0{e\ (7.68) 
E„ — E„i 

n',l'*n,l " " 

where 

en'i'ni = W,l'\Hi\n,l). (7.69) 

It is fairly obvious that the summations in Equations (7.67) and (7.68) are not well-behaved if the 
nth energy level is degenerate. The problem terms are those involving unperturbed eigenstates la- 
beled by the same value of n, but different values of /: i.e., those states whose unperturbed energies 
are E„. These terms give rise to singular factors 1 /(E„ - E„) in the summations. Note, however, that 
this problem would not exist if the matrix elements, e„/'„/, of the perturbing Hamiltonian between 
distinct, degenerate, unperturbed energy eigenstates corresponding to the eigenvalue E„ were zero. 
In other words, if 

{n,l'\Hi\n,l) = An[S„, (7.70) 

then all of the singular terms in Equations (7.67) and (7.68) would vanish. 

In general. Equation (7.70) is not satisfied. Fortunately, we can always redefine the unperturbed 
energy eigenstates belonging to the eigenvalue in such a manner that Equation (7.70) is satisfied. 
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Let us define N„ new states that are linear combinations of the Nn original degenerate eigenstates 
corresponding to the eigenvalue E„: 

\n,P}= J] (n,k\n,P)\n,k}. (7.71) 

Note that these new states are also degenerate energy eigenstates of the unperturbed Hamiltonian 
corresponding to the eigenvalue E„. The \n, P^) are chosen in such a manner that they are eigen- 
states of the perturbing Hamiltonian, Hi . Thus, 

Hi\n,P^) = A„i\n,f% (7.72) 

The \n, P^) are also chosen so that they are orthogonal, and have unit lengths. It follows that 

{n,l'^'^\Hi\n,f'^} = Ani6t,. (7.73) 

Thus, if we use the new eigenstates, instead of the old ones, then we can employ Equations (7.67) 
and (7.68) directly, because all of the singular terms vanish. The only remaining difficulty is to 
determine the new eigenstates in terms of the original ones. 
Now 

J] \n,l){n,l\ = l, {1.1 A) 

where 1 denotes the identity operator in the sub-space of all unperturbed energy eigenkets corre- 
sponding to the eigenvalue E„. Using this completeness relation, the operator eigenvalue equation 
(7.72) can be transformed into a straightforward matrix eigenvalue equation: 

2 {n, I'mn, Din, f-'^) = X^i (n, l'\n, (7.75) 

/"=l,iV„ 

This can be written more transparently as 

Vx = Ax, (7.76) 

where the elements of the N„ x A^„ Hermitian matrix U are 

Ujk = {n,j\Hi\n,k). (1.11) 

Provided that the determinant of U is non-zero. Equation (7.76) can always be solved to give 
eigenvalues Ani (for / = 1 to A';,), with corresponding eigenvectors x„;. The eigenvectors specify 
the weights of the new eigenstates in terms of the original eigenstates: i.e., 

(x„i)k = {n,k\n,f\ (7.78) 

for ^ = 1 to Nn. In our new scheme. Equations (7.67) and (7.68) yield 

= E„ + Ani+J] 1^ + 0(6^), (7.79) 



110 



QUANTUM MECHANICS 



and 

In, Py = \n, f'>) + J] \n', I') + 0{^). (7.80) 

There are no singular terms in these expressions, because the summations are over n' n: i.e., they 

specifically exclude the problematic, degenerate, unperturbed energy eigenstates corresponding to 
the eigenvalue £„. Note that the first-order energy- shifts are equivalent to the eigenvalues of the 
matrix equation, (7.76). 



7.6 Linear Stark Effect 

Let us examine the effect of an electric field on the excited energy levels of a hydrogen atom. For 
instance, consider the n = 2 states. There is a single / = state, usually referred to as 2s, and three 
/ = 1 states (with m = -1,0, 1), usually referred to as Ip. All of these states possess the same 
energy, £'200 = -e^l{31n 60 «o)- As in Section 7.4, the perturbing Hamiltonian is 

Hi=e\nz. (7.81) 



In order to apply perturbation theory, we have to solve the matrix eigenvalue equation 

Ux = ^x, (7.82) 



where U is the eirray of the matrix elements of Hi between the degenerate Is and Ip states. Thus, 





( 


<2, 0, 01 z 12,1,0) 





A 


e|E| 


<2, 1, 01 z 12,0,0) 

















I 








j 



(7.83) 



where the rows and columns correspond to the |2, 0, 0), |2, 1, 0), |2, 1, 1), and |2, 1,-1) states, re- 
spectively. Here, we have made use of the selection rules, which tell us that the matrix element of 

z between two hydrogen atom states is zero unless the states possess the same m quantum number, 
and / quantum numbers that differ by unity. It is easily demonstrated, from the exact forms of the 
2s and 2p wavefunctions, that 



<2, 0, OU |2, 1, 0) = <2, 1, OU 12, 0, 0) = 3 ao. 



(7.84) 



It can be seen, by inspection, that the eigenvalues of U are Xi = 3eaolE|, A2 = -3eao|E|, 
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As = 0, and A4 = 0. The corresponding eigenvectors are 

I/V2 ^ 

Xl 



I/V2 





(7.85) 



X2 = 



X3 = 



X4 = 



I/V2 
-I/V2 




^ 


1 

Oy 

^ 



1 



(7.86) 



(7.87) 



(7.88) 



It follows from Section 7.5 that the simultaneous eigenstates of the unperturbed Hamiltonian and 
the perturbing Hamiltonian take the form 



|1) = 



|2) = 



12,0,0) + 12,1,0) 
12,0,0) -12, 1,0) 



V2 

13) = 12, 1,1), 
|4) = 12,1,-1). 



(7.89) 

(7.90) 

(7.91) 
(7.92) 



In the absence of an electric field, all of these states possess the same energy, £'200- The first-order 
energy-shifts induced by an electric field are given by 



JEi = +3eao\E\, 
AE2 = -3eao|E|, 
^£3 = 0, 
/IE4 = 0. 



(7.93) 
(7.94) 
(7.95) 
(7.96) 



Thus, the energies of states 1 and 2 are shifted upwards and downwards, respectively, by an amount 
3 eao |E| in the presence of an electric field. States 1 and 2 are orthogonal linear combinations of 
the original 2s and 2p(m = 0) states. Note that the energy-shifts are linear in the electric field- 
strength, so this is a much larger effect that the quadratic effect described in Section 7.4. The 
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energies of states 3 and 4 (which are equivalent to the original 2p(m = 1) and 2p(m = -1) states, 
respectively) are not affected to first order. Of course, to second order the energies of these states 
are shifted by an amount that depends on the square of the electric field-strength. 

Note that the linear Stark effect depends crucially on the degeneracy of the 2s and 2p states. 
This degeneracy is a special property of a pure Coulomb potential, and, therefore, only applies to 
a hydrogen atom. Thus, alkali metal atoms do not exhibit the linear Stark effect. 



7.7 Fine Structure 

Let us now consider the energy levels of hydrogen-like atoms (i.e., alkali metal atoms) in more 
detail. The outermost electron moves in a spherically symmetric potential V(r) due to the nuclear 
charge and the charges of the other electrons (which occupy spherically symmetric closed shells). 
The shielding effect of the inner electrons causes V{r) to depart from the pure Coulomb form. This 
splits the degeneracy of states characterized by the same value of n, but different values of /. In 
fact, higher / states have higher energies. 

Let us examine a phenomenon known as fine structure, which is due to interaction between the 
spin and orbital angular momenta of the outermost electron. This electron experiences an electric 
field 

vy 

E = — . (7.97) 
e 

However, a non-relativistic charge moving in an electric field also experiences an effective mag- 
netic field 

B = -145. (7.98) 
Now, an electron possesses a spin magnetic moment [see Equation (5.46)] 

eS 

H = . (7.99) 

Me 

We, therefore, expect a spin-orbit contribution to the Hamiltonian of the form 

eS (lxdV\ 1 dV 

H^=-^.B = ^.vx— — =^^— L-S, (7.100) 

nieC^ \e r ar f c^r ar 

where L = x x v is the orbital angular momentum. Actually, when the above expression is 
compared to the observed spin-orbit interaction, it is found to be too large by a factor of two. 
There is a classical explanation for this, due to spin precession, which we need not go into. The 
correct quantum mechanical explanation requires a relativistically covariant treatment of electron 
dynamics (this is achieved using the so-called Dirac equation — see Chapter 1 1). 

Let us now apply perturbation theory to a hydrogen-like atom, using His as the perturbation 
(with Hls taking one half of the value given above), and 

HQ = ^ + V{r) (7.101) 

2me 
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as the unperturbed Hamiltonian. We have two choices for the energy eigenstates of Hq. We can 
adopt the simultaneous eigenstates of Ho,L^,S^,Lz and S^, or the simultaneous eigenstates of 
Hq,L^,S^,J^, and J^, where J = L + S is the total angular momentum. Although the departure of 
y(r) from a pure 1 jr form splits the degeneracy of same n, different I, states, those states charac- 
terized by the same values of n and /, but different values of m;, are still degenerate. (Here, m/, m„ 
and nij are the quantum numbers corresponding to L,,S^, and J^, respectively.) Moreover, with the 
addition of spin degrees of freedom, each state is doubly degenerate due to the two possible orien- 
tations of the electron spin (i.e., = +1/2). Thus, we are still dealing with a highly degenerate 
system. We know, from Section 7.6, that the application of perturbation theory to a degenerate 
system is greatly simplified if the basis eigenstates of the unperturbed Hamiltonian are also eigen- 
states of the perturbing Hamiltonian. Now, the perturbing Hamiltonian, His, is proportional to 
L • S, where 



L S = 




(7.102) 



It is fairly obvious that the first group of operators (//o, L^, 5^, and S ^) does not commute with 
Hls, whereas the second group {Hq, L}, S^,J^, and A) does. In fact, L • S is just a combination 
of operators appearing in the second group. Thus, it is advantageous to work in terms of the 
eigenstates of the second group of operators, rather than those of the first group. 

We now need to find the simultaneous eigenstates of Ho,L^,S^,J^, and J^. This is equivalent 
to finding the eigenstates of the total angular momentum resulting from the addition of two angular 
momenta: ji = I, and ji = s = 1/2. According to Equation (6.26), the allowed values of the total 
angular momentum are j = 1+ 1/2 and j = I - 1/2. We can write 



Here, the kets on the left-hand side are \j, mj) kets, whereas those on the right-hand side are |m/, m^) 
kets (the 71, j2 labels have been dropped, for the sake of clarity). We have made use of the fact that 
the Clebsch-Gordon coefficients are automatically zero unless ntj = mi + rris. We have also made 
use of the fact that both the I7, mj) and |m/, m^) kets are orthonormal, and have unit lengths. We 
now need to determine 



where the Clebsch-Gordon coefficient is written in (m/, m^lj, my) form. 

Let us now employ the recursion relation for Clebsch-Gordon coefficients. Equation (6.32), 
with ji = l,j2 = 1/2, j = I + l/2,mi = m - 1/2, m2 = 1 /2 (lower sign). We obtain 



\l+l/2,m) = cosorlm- 1/2, 1/2) + sinar|m+ 1/2,-1/2), 
\l- 1/2, m) = -sinorlm- 1/2, 1/2) -h C0SQr|m + 1/2,-1/2). 



(7.103) 
(7.104) 



cosa = (m - 1/2, 1/2|/ -1- 1/2, m). 



(7.105) 



[(/ + 1/2) (/ + 3/2) -m(m+ l)^'^ <m - 1/2, 1/2|/ + 1/2, m) 
= [/(/+ l)-(m- 1/2)(ot-^ l/2)]^/^(m-^ 1/2,1/2|/+ l/2,m+ 1), 



(7.106) 



which reduces to 



<m- 1/2,1 /2|/+ 1/2, m) = 



l + m+l/2 
/ + m + 3/2 



<m+ 1/2,1/2|Z+ l/2,m+ 1). 



(7.107) 
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We can use this formula to successively increase the value of m/. For instance. 



, ^ ' J . ^c/o <"^ + 3/2, 1/21/ + l/2,m + 2). (7.108) 
l + m + 3/2 V/ + m + 5/2 

This procedure can be continued until m/ attains its maximum possible value, /. Thus, 



<m - 1/2, 1/21/ + 1/2, m) = y ^^^iVl^ ^^^'^ + 1/^' ^ + 1/2)- (V.109) 

Consider the situation in which m/ and m both take their maximum values, / and 1/2, respec- 
tively. The corresponding value of my is / + 1/2. This value is possible when j = / + 1/2, but not 
when j = 1-1/2. Thus, the |m/, m^) ket \l, 1 /2) must be equal to the \ j, mj) ket |/ + 1/2, / + 1/2), up 
to an arbitrary phase-factor. By convention, this factor is taken to be unity, giving 

</, 1/2|/+ 1/2,/+ 1/2) = 1. (7.110) 

It follows from Equation (7.109) that 



l + m+ 1/2 

cos(^ = <m-l/2,l/2|/+l/2,m)= J ^^^^ . (7.111) 

Hence, 

. 2 , / + m+l/2 /-m+1/2 ,t 11o^ 

2/+1 =^7Ti-- ^'-^^'^ 

We now need to determine the sign of sin a. A careful examination of the recursion relation. 
Equation (6.32), shows that the plus sign is appropriate. Thus, 



// + m+1/2 //- m+1/2 

|/+l/2,m)= y 2/+1 N-l/2^1/2)+y 2/+1 N+lA-1/2), (7.113) 



//-m+1/2 l + m+l/2 

1/ - 1/2, m) = - y |m - 1/2, 1/2) + ^ |m + 1/2, -1/2). (7.1 14) 

It is convenient to define so called spin-angular Junctions using the Pauli two-component formal- 
ism: 



,i-i±M2 l + m+l/2 l + m+l/2 

1 ( + V/±m+l/2 7, ^_i/2(e, ^) ^ 



^S^TTTl V/ + m+ 1/2 7,^+1/2(6',^) , 



(7.115) 



These functions are eigenfunctions of the total angular momentum for spin one-half particles, 
just as the spherical harmonics are eigenfunctions of the orbital angular momentum. A general 
wavefunction for an energy eigenstate in a hydrogen-like atom is written 

^/^„/m±=^«/WJ/f„. (7.116) 
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The radial part of the wavefunction, Rni{r), depends on the radial quantum number n and the 
angular quantum number /. The wavefunction is also labeled by m, which is the quantum number 
associated with 7^. For a given choice of /, the queintum number j (i.e., the quantum number 
associated with J^) can take the values / + 1/2. 

The \l + 1/2, m> kets are eigenstates of L • S, according to Equation (7.102). Thus, 

L • S I; = / + 1/2, = m) = y (;• + 1) - / (/ + 1) - 3/4] \j, m), (7. 1 17) 



giving 



L-SI/+ l/2,m) = — |/+ l/2,m), (7.118) 
L-S|/- l/2,m) = |/-l/2,m). (7.119) 



It follows that 



dQ(^lJl.-S}/l„=^-^, (7.120) 
dQi}/jJ L • S}/J„ = (7.121) 



where the integrals are over all solid angle, dQ = sin9d9d<p. 

Let us now apply degenerate perturbation theory to evaluate the shift in energy of a state whose 
wavefunction is i(fnim± due to the spin-orbit Hamiltonian, Hls • To first order, the energy- shift is 
given by 

J dV (iJ^ni^J Hls iff„im±, (7.122) 

where the integral is over all space, dV = dQ. Equations (7.100) (remembering the factor of 
two), (7.116), and (7.120)-(7.121) yield 

1 lidv\in^ ^^^^^^ 

AEnim^ = +—^1- — )—, (7.123) 
Inig \ r dr I 2 

,E^_-. --L.il fVll^, (7.124, 
2m^ \ r dr I 2 

where 

(i^\= r *^(«.,ri^fl„,. (7.125) 

\r dr I Jq r dr 

Let us now apply the above result to the case of a sodium atom. In chemist's notation, the 
ground state is written 

{lsf{2sf{2pf{?>s). (7.126) 
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The inner ten electrons effectively form a spherically symmetric electron cloud. We are interested 
in the excitation of the eleventh electron from 3 5 to some higher energy state. The closest (in 
energy) unoccupied state is 3 p. This state has a higher energy than 3s due to the deviations of 
the potential from the pure Coulomb form. In the absence of spin-orbit interaction, there are six 
degenerate 3p states. The spin-orbit interaction breaks the degeneracy of these states. The modified 
states are labeled (3p)i/2 and (3/?)3/2, where the subscript refers to the value of j. The four (3p)3/2 
states lie at a slightly higher energy level than the two (3p)i/2 states, because the radial integral 
(7.125) is positive. The splitting of the (3p) energy levels of the sodium atom can be observed 
using a spectroscope. The well-known sodium D line is associated with transitions between the 3p 
and 3s states. The fact that there are two slightly different 3p energy levels (note that spin-orbit 
coupling does not split the 3 s energy levels) means that the sodium D line actually consists of 
two very closely spaced spectroscopic lines. It is easily demonstrated that the ratio of the typical 
spacing of B aimer lines to the splitting brought about by spin-orbit interaction is about I : a^, 
where 

1 

ze^hc 137 

is the fine structure constant. Actually, Equations (7.123)-(7.124) are not entirely correct, because 
we have neglected an effect (namely, the relativistic mass correction of the electron) that is the 
same order of magnitude as spin-orbit coupling. (See Exercises 7.3 and 7.4.) 

7.8 Zeeman Effect 

Consider a hydrogen-like atom placed in a uniform z-directed magnetic field. The change in energy 
of the outermost electron is 

HB = -fiB, (7.128) 

where 

/i = --^(L + 2S) (7.129) 
2 me 

is its magnetic moment, including both the spin and orbital contributions. Thus, 

Hb = ^(L, + 2S,). (7.130) 

Suppose that the energy-shifts induced by the magnetic field are much smaller than those in- 
duced by spin-orbit interaction. In this situation, we can treat Hb as a small perturbation acting on 
the eigenstates of Hq + H^s. Of course, these states are the simultaneous eigenstates of 7^ and J^. 
Let us consider one of these states, labeled by the quantum numbers j and m, where j = I + 1/2. 
From standard perturbation theory, the first-order energy-shift in the presence of a magnetic field 
is 

JE„i^^ = {l±l/2,m\HB\l±l/2,m}. (7.131) 

Because 

L, + 2S, = J, + S„ (7.132) 



Time-Independent Perturbation Theory 



117 



we find that 

AE„i^^ = ^ {mn + {l±l/2,m\S,\l±l/2,m)). (7.133) 

2 Me 

Now, from Equations (7.113)-(7.114), 



l + m+l/2 l + m+l/2 

|Z + 1/2, m) = + y \m - 1/2, 1/2) + ^ \m + 1/2, -1/2). (7.134) 

It follows that 

{I ± 1/2, ml S, \l ± 1/2, m) = ^^^y^ [(/ ± m + 1/2) - (/ + m + 1/2)] = ±^y^. (7.135) 

Thus, we obtain the so-called Lande formula for the energy-shift induced by a weak magnetic field: 

eTiB i 1 \ 
^E„i„^ = - m 1 + — — - . (7.136) 



2 Me \ 21+1 

Let us apply this theory to the sodium atom. We have aheady seen that the non-Coulomb 

potential splits the degeneracy of the 3s and 3p states, the latter states acquiring a higher energy. 
The spin-orbit interaction splits the six 3p states into two groups, with four j = 3/2 states lying at 
a slightly higher energy than two j = 1/2 states. According to Equation (7.136), a magnetic field 
splits the (3p)3/2 quadruplet of states, each state acquiring a different energy. In fact, the energy 
of each state becomes dependent on the quantum number m, which measures the projection of 
the total angular momentum along the z-axis. States with higher m values have higher energies. A 
magnetic field also splits the (3/?)i/2 doublet of states. However, it is evident from Equation (7.136) 
that these states are split by a lesser amount than the j = 3/2 states. 

Suppose that we increase the strength of the magnetic field, so that the energy-shift due to the 
magnetic field becomes comparable to the energy-shift induced by spin-orbit interaction. Clearly, 
in this situation, it does not make much sense to think of Hb as a small interaction term operating 
on the eigenstates of Hq + His ■ In fact, this intermediate case is very difficult to analyze. Let 
us, instead, consider the extreme limit in which the energy-shift due to the magnetic field greatly 
exceeds that induced by spin-orbit eff"ects. This is called the Paschen-Back limit. 

In the Paschen-Back limit, we can think of the spin-orbit Hamiltonian, His , as a small inter- 
action term operating on the eigenstates of Hq + Hb. Note that the magnetic Hamiltonian, Hb, 
commutes with L^, S ^, L^,S^, but does not commute with L^, S^,J^, Jy. Thus, in an intense mag- 
netic field, the energy eigenstates of a hydrogen-like atom are approximate eigenstates of the spin 
and orbital angular momenta, but are not eigenstates of the total angular momentum. We can label 
each state by the quantum numbers n (the energy quantum number), /, m/, and m^. Thus, our energy 
eigenkets are written \n, I, mi, ms). The unperturbed Hamiltonian, Hq, causes states with diff"erent 
values of the quantum numbers n and / to have different energies. However, states with the same 
value of n and /, but different values of m/ and m^, are degenerate. The shift in energy due to the 
magnetic field is simply 

ehB 

'^Enimims = {n, I, mi, m^] HbIh, I, mi, m^) = (mi + 2ms). (7.137) 

2 me 
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Thus, states with different values of m; + 2m.v acquire different energies. 

Let us apply this result to a sodium atom. In the absence of a magnetic field, the six 3p states 
form two groups of four and two states, depending on the values of their total angular momentum. 
In the presence of an intense magnetic field, the 3p states are split into five groups. There is a 
state with m/ + IrUg = 2, a. state with m/ + 2 m, = 1, two states with m/ + 2 m, = 0, a state with 
mi + 2 ms = -1, and a state with m/ + Im, = -2. These groups are equally spaced in energy, the 
energy difference between adjacent groups being e h B/2 mg. 

The energy- shift induced by the spin-orbit Hamiltonian is given by 



where 



^E„i„,,„^ = {n, I, mi, ms\ Hls \n, I, mi, m^), (7.138) 



^« = ^r^-T^L.S. (7.139) 

2 mt: r ar 



Now, 

<L • S) = < L, + (L^ S - + L" S ^)/2 ) = n^mi m„ (7. 140) 

since 

<L*) = <S*) = (7.141) 
for expectation values taken between the simultaneous eigenkets of and S^. Thus, 

AE.,„,^'p^{^f). (7.142) 

2 \r ar I 

Let us apply the above result to a sodium atom. In the presence of an intense magnetic field, 
the 3p states are split into five groups with (mi,ms) quantum numbers (1, 1/2), (0, 1/2), (1,-1/2) 
or (-1, 1/2), (0, -1/2), and (-1, -1/2), respectively, in order of decreasing energy. The spin-orbit 
term increases the energy of the highest energy state, does not affect the next highest energy state, 
decreases, but does not split, the energy of the doublet, does not affect the next lowest energy state, 
and increases the energy of the lowest energy state. The net result is that the five groups of states 
are no longer equally spaced in energy. 

The typical magnetic field-strength needed to access the Paschen-Bach limit is 

P 1 11 

BpB ~ o^—r^ ^ 25 tesla. (7.143) 

60««0 

7.9 Hyperfine Structure 

The proton in a hydrogen atom is a spin one-half charged particle, and therefore possesses a mag- 
netic moment. By analogy with Equation (7.99), we can write 

,-, = |^S„ (7.144) 

where //^ is the proton magnetic moment, is the proton spin, and the proton gyromagnetic ratio 
Qp is found experimentally to take that value 5.59. Note that the magnetic moment of a proton 
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is much smaller (by a factor of order me/ nip) than that of an electron. According to classical 
electromagnetism, the proton's magnetic moment generates a magnetic field of the form 

B = £^[3(fip- e.) e. - J + ^ S(x), (7. 145) 

where = x/r, and r = |x|. We can understand the origin of the delta-function term in the above 
expression by thinking of the proton as a tiny current loop centred on the origin. All magnetic 
field-lines generated by the loop must pass through the loop. Hence, if the size of the loop goes 
to zero then the field will be infinite at the origin, and this contribution is what is reflected by the 
delta-function term. Now, the Hamiltonian of the electron in the magnetic field generated by the 
proton is simply 

H^ = -n^B, (7.146) 

where 

//, = -— S,. (7.147) 
me 

Here, fi^ is the electron magnetic moment [see Equation (7.99)], and Sg the electron spin. Thus, 
the perturbing Hamiltonian is written 

fiogpe^ / 3(Sp-e,)(S,-e,)-Sp-S, \ Hogpe\ 

ni - 5 M- 7»p-!ieO{X). (/.146) 

67rmpme\ j 3mpme 

Note that, because we have neglected coupling between the proton spin and the magnetic field 
generated by the electron's orbital motion, the above expression is only valid for / = states. 

According to standard first-order perturbation theory, the energy-shift induced by spin-spin 
coupling between the proton and the electron is the expectation value of the perturbing Hamilto- 
nian. Hence, 

JE=^^ — I ^ P P — - + 7^^^ (Sp-S,) 1^^(0)1 1 (7.149) 



SnmpTneX j 3mpme 

For the ground-state of hydrogen, which is spherically symmetric, the first term in the above ex- 
pression vanishes by symmetry. Moreover, it is easily demonstrated that |^/^ooo(0)l^ = l/(^«o)- 
Thus, we obtain 

uq q„ 

^Eooo = :r^^ 3 (S;, • S,). (7.150) 

dnnip rrie 

Let 

S = S, + Sp (7.151) 

be the total spin. We can show that 

Sp-Se = \{S^-Sl-Sl). (7.152) 

Thus, the simultaneous eigenstates of the perturbing Hamiltonian and the main Hamiltonian are 
the simultaneous eigenstates of S^,Sp, and S^. However, both the proton and the electron are spin 
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one-half particles. According to Chapter 6, when two spin one-half particles are combined (in the 
absence of orbital angular momentum) the net state has either spin 1 or spin 0. In fact, there are 
three spin 1 states, known as triplet states, and a single spin state, known as the singlet state. For 
all states, the eigenvalues of and 5^ are (3/4) ff-. The eigenvalue of is for the singlet state, 
and 2 ff- for the triplet states. Hence, 

{Sp-Se) = -^n^ (7.153) 

for the singlet state, and 

{Sp-Se) = ^n^ (7.154) 

for the triplet states. 

It follows, from the above analysis, that spin-spin coupling breaks the degeneracy of the two 
( 15)1/2 states of the hydrogen atom, lifting the energy of the triplet configuration, and lowering that 
of the singlet. This splitting is known as hyperfine structure. The net energy difference between 
the singlet and the triplet states is 

^£000 = \gp — a' m = 5.88 X 10-" eV, (7.155) 
3 lUp 

where |i?ol = 13.6 eV is the (magnitude of the) ground-state energy. Note that the hyperfine energy- 
shift is much smaller, by a factor me/rrip, than a typical fine structure energy-shift (see Exercise 7.4). 
If we convert the above energy into a wavelength then we obtain 

i = 21.1 cm. (7.156) 

This is the wavelength of the radiation emitted by a hydrogen atom that is coUisionally excited 
from the singlet to the triplet state, and then decays back to the lower energy singlet state. The 
21 cm line is famous in radio astronomy because it was used to map out the spiral structure of our 
galaxy in the 1950's. 



Exercises 

7.1 Calculate the energy-shift in the ground state of the one-dimensional harmonic oscillator 
when the perturbation 

V = Ax' 

is added to 

Px ^ 22 

H = i- -moj XT . 

2m 2 

The properly normalized ground-state wavefunction is 



, ^ (moj\ 



1/4 / ma?x^ 



Time-Independent Perturbation Theory 



121 



7.2 Calculate the energy-shifts due to the first-order Stark effect in the n = 3 state of a hydrogen 
atom. You do not need to perform all of the integrals, but you should construct the correct 
linear combinations of states. 

7.3 The Hamiltonian of the valence electron in a hydrogen-like atom can be written 

2 4 

H = + V(r) - ^ 



2 Me 8 rUg 

Here, the final term on the right-hand side is the first-order correction due to the electron's 
relativistic mass increase. Treating this term as a small perturbation, deduce that it causes 
an energy-shift in the energy eigenstate characterized by the standard quantum numbers n, 
I, m of 

AE,i^ = {En -2E„ (V) + (V^)) , 

where is the unperturbed energy, and a the fine structure constant. 

7.4 Consider an energy eigenstate of the hydrogen atom characterized by the standard quan- 
tum numbers n, I, and m. Show that if the energy-shift due to spin-orbit coupling (see 
Section 7.7) is added to that due to the electron's relativistic mass increase (see previous 
exercise) then the net fine structure energy-shift can be written 



\; + l/2 4 

Here, En is the unperturbed energy, a the fine structure constant, and j = l+l /2 the quantum 
number associated with the magnitude of the sum of the electron's orbital and spin angular 
momenta. You will need to use the following standard results for a hydrogen atom: 



\ r / n 



2' 



1 



(/+ l/2)«3' 

1 



/(/+ l/2)(/+ l)n3' 



Here, ao is the Bohr radius. Assuming that the above formula for the energy shift is valid 
for / = (which it is), show that fine structure causes the energy of the (2/>)3/2 states of a 
hydrogen atom to exceed those of the (2p)i/2 and (25)1/2 states by 4.5 x 10"^ eV. 
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8 Time-Dependent Perturbation Theory 



8.1 Introduction 

Suppose that the Hamiltonian of the system under consideration can be written 

H^Ho + Hi(t), (8.1) 

where Hq does not contain time exphcitly, and Hi is a small time-dependent perturbation. It is 
assumed that we are able to calculate the eigenkets of the unperturbed Hamiltonian: 

Ho In) = En In). (8.2) 

We know that if the system is in one of the eigenstates of Hq then, in the absence of the external 
perturbation, it remains in this state for ever. However, the presence of a small time-dependent per- 
turbation can, in principle, give rise to a finite probability that a system initially in some eigenstate 
10 of the unperturbed Hamiltonian is found in some other eigenstate at a subsequent time (because 
\i) is no longer an exact eigenstate of the total Hamiltonian). In other words, a time-dependent 
perturbation allows the system to make transitions between its unperturbed energy eigenstates. Let 
us investigate such transitions. 

8.2 General Analysis 

Suppose that att = to the state of the system is represented by 

\A) = J]c„\n), (8.3) 

n 

where the c,j are complex numbers. Thus, the initial state is some linear superposition of the unper- 
turbed energy eigenstates. In the absence of the time-dependent perturbation, the time evolution of 
the system is given by 

|A, to, t) = YjC„ exp[-i E„ (t - to)/n] \n). (8.4) 

n 

Now, the probability of finding the system in state jn) at time t is 

P„(t) = \cn exp[-i E„(t - to)/m ' = |c„| ' = Pn(to). (8.5) 

Clearly, with Hi = 0, the probability of finding the system in state |n) at time t is exactly the same 
as the probability of finding the system in this state at the initial time to- However, with Hi ?t 0, 
we expect P„(0 to vary with time. Thus, we can write 



|A, to, = 2 ^"(0 exp[-i E„ (t - to)lfi\ jn), 

n 



(8.6) 
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where P„(0 = \c„(t)\ ^. Here, we have carefully separated the fast phase oscillation of the eigenkets, 
which depends on the unperturbed Hamiltonian, from the slow variation of the amplitudes c„{t), 
which depends entirely on the perturbation (i.e., c„ is constant if Hi = 0). Note that the eigen- 
kets \n), appearing in Equation (8.6), are time-independent (they are actually the eigenkets of Hq 
evaluated at the time to). 

Schrodinger's time evolution equation yields 

d 

in-\A, to, t) = H \A, to, t) = (Ho + Hy) \A, to, t). (8.7) 
ot 

It follows from Equation (8.6) that 

{Ho + Hi) \A, to, = 2 '^'"(^^ ^^P[~^ ^"^ ~ ^o)/^] {Em + ^i) \m). (8.8) 

m 

We also have 

d \~\ I dcm \ 

i - |A, /o, = 2j I i ^ + ^'"(O exp[-i E„ {t - to)IK\ \m), (8.9) 

where use has been made of the time-independence of the kets |m). According to Equation (8.7), 
we can equate the right-hand sides of the previous two equations to obtain 

2 i ^ ^ exp[-i Em {t - to)m |m) = ^ c„{t) exp[-i E„ {t - to)m Hi |m). (8. 10) 

m m 

Left-multiplication by {n\ yields 

dc„ V— \ 

1 ^ = 2j ^««(0 ^^Pt 1 ^nm {t - to)] Cn,{t), (8.11) 
m 

where 

H,^{t) = (n\Hi{t)\m), (8.12) 

and 

En - En, 

<^nm = T • (8.13) 

n 

Here, we have made use of the standard orthonormality result, {n\m) = 6nm- Suppose that there are 
A'^ linearly independent eigenkets of the unperturbed Hamiltonian. According to Equation (8.11), 
the time variation of the coefficients c„, which specify the probability of finding the system in state 
\n) at time t, is determined by N coupled first-order differential equations. Note that Equation (8.11) 
is exact — we have made no approximations at this stage. Unfortunately, we cannot generally find 
exact solutions to this equation, so we have to obtain approximate solutions via suitable expansions 
in small quantities. However, for the particularly simple case of a two-state system (i.e., = 2), 
it is actually possible to solve Equation (8.11) without approximation. This solution is of great 
practical importance. 
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8.3 Two-State System 

Consider a system in which the time-independent Hamiltonian possesses two eigenstates, denoted 

Ho\l) = Ei\l), (8.14) 
Ho\2) = E2\2). (8.15) 

Suppose, for the sake of simplicity, that the diagonal matrix elements of the interaction Hamilto- 
nian, Hi, are zero: 

<l|//i|l) = <2|//i|2) = 0. (8.16) 
The off-diagonal matrix elements are assumed to oscillate sinusoidally at some frequency a>: 

{l\Hi |2) = {2\Hi \ir = 7exp(ia;0, (8.17) 

where y and oj are real. Note that it is only the off-diagonal matrix elements that give rise to the 
effect which we are interested in — ^namely, transitions between states 1 and 2. 
For a two-state system. Equation (8.11) reduces to 

dci 

i^— =yexp[+i(cu-a>2i)?]c2, (8.18) 
at 

dc2 

ifi —— - yexp[-i(a> - a>2i)t]ci, (8.19) 
at 

where 0J21 = (E2 - Ei)/fi, and it is assumed that to = 0. Equations (8.18) and (8.19) can be 
combined to give a second-order differential equation for the time variation of the amplitude C2: 

_5,i(„_„„)^,Z_,, = o. (8.20) 

Once we have solved for C2, we can use Equation (8.19) to obtain the amplitude c\. Let us look for 
a solution in which the system is certain to be in state 1 at time ^ = 0. Thus, our initial conditions 
are ci(0) = 1 and C2(0) = 0. It is easily demonstrated that the appropriate solutions are 

^2(0 = r 2it,2^T^'^ ^2Mii/2 exp[-i(a;-a;2i)?/2] ^mily" 1%^ + {oj - CD2r? lA}''^ t) , (8.21) 
ci(0 = exp[i (6J - u)2\) t/2] cos ([y^/n^ + (o) - 6J21) ^4]^^^ t) 

- ^y^in^^'^iJ-t'^flAYI^ ^^P^^^^ - sin([rV^^ + (a>-c.2i)V4]>^^0- (8-22) 

The probability of finding the system in state 1 at time t is simply P\{t) = |ci|^. Likewise, the 
probability of finding the system in state 2 at time t is ^2(0 = \c2\ ^- It follows that 

^2(0 = 2/t.2//' u77 sii^' ([^'/^' + - ^21) V4]^^' t) , (8.23) 

Pi{t) = \-P2{t). (8.24) 
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Equation (8.23) exhibits all the features of a classic resonance. At resonance, when the oscil- 
lation frequency of the perturbation, a>, matches the frequency CO21, we find that 

Pi{t) = cos^(j t/h), (8.25) 

P2(t) = sm^(j t/n). (8.26) 

According to the above result, the system starts off at ? = in state 1. After a time interval ;r ^/2 7, 
it is certain to be in state 2. After a further time interval n Tilly, it is certain to be in state 1, and 
so on. In other words, the system periodically flip-flops between states 1 and 2 under the influence 
of the time-dependent perturbation. This implies that the system alternatively absorbs and emits 
energy from the source of the perturbation. 

The absorption-emission cycle also take place away from the resonance, when o) 4^ 0J21 . How- 
ever, the amplitude of oscillation of the coefficient C2 is reduced. This means that the maximum 
value of ^2(0 is no longer unity, nor is the minimum value of Pi(t) zero. In fact, if we plot the max- 
imum value of ^2(0 as a function of the applied frequency, co, then we obtain a resonance curve 
whose maximum (unity) lies at the resonance, and whose full-width half -maximum (in frequency) 
is 4 y/fi. Thus, if the applied frequency differs from the resonant frequency by substantially more 
than ly/fi then the probability of the system jumping from state 1 to state 2 is very small. In other 
words, the time-dependent perturbation is only effective at causing transitions between states 1 and 
2 if its frequency of oscillation lies in the approximate range a>2i + lyjfi. Clearly, the weaker the 
perturbation (i.e., the smaller 7 becomes), the narrower the resonance. 



8.4 Spin Magnetic Resonance 

Consider a bound electron placed in a uniform z-directed magnetic field, and then subjected to a 
small time-dependent magnetic field rotating in the x-y plane. Thus, 

B = 5o + fii \co^{a> t) + sin(6<> t) Cj,] , (8.27) 

where Bq and B\ are constants, with Bi Bq. The rotating magnetic field usually represents the 
magnetic component of an electromagnetic wave propagating along the z-axis. In this system, the 
electric component of the wave has no effect. The Hamiltonian is written 

H = -fiB = Ho + Hu (8.28) 

where 

Ho=^-^S„ (8.29) 

and 

Hi = ^[cos(ajt)S, + sm(iot)Sy]. (8.30) 

The eigenstates of the unperturbed Hamiltonian are the 'spin up' and 'spin down' states, de- 
noted and |-), respectively. Thus, 

Hol±) = ±^|±). (8.31) 
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The time-dependent Hamiltonian can be written 

Hi = ^ [exp( iojt)S- + exp(-i ojt)S^], (8.32) 
znie 

where 5 * = 5;^ ± i 5,^ are the conventional raising and lowering operators for spin angular momen- 
tum. It follows that 

<+|ifi|+) = <-|Hi|-) = 0, (8.33) 

and 

<-|//il+) = (+\H,\-r = ^-^cxp(iojt). (8.34) 

It can be seen that this system is exactly the same as the two-state system discussed in the 
previous section, provided that we make the identifications 

|1) ^ (8.35) 
|2) ^ |+), (8.36) 

C021 ^ (8.37) 
me 

r^-— ^. (8.38) 
2 me 

The resonant frequency, 0*21, is simply the spin precession frequency for an electron in a uniform 
magnetic field of strength Bq. In the absence of the perturbation, the expectation values of 5^ and 
Sy oscillate because of the spin precession, but the expectation value of remains invariant. If 
we now apply a magnetic perturbation rotating at the resonant frequency then, according to the 
analysis of the previous section, the system undergoes a succession of spin-flops, |+) ^ |-), in 
addition to the spin precession. We also know that if the oscillation frequency of the applied field 
is very different from the resonant frequency then there is virtueilly zero probability of the field 
triggering a spin-flop. The width of the resonance (in frequency) is determined by the strength of 
the oscillating magnetic perturbation. Experimentalist are able to measure the magnetic moments 
of electrons, and other spin one-half particles, to a high degree of accuracy by placing the particles 
in a magnetic field, and subjecting them to an oscillating magnetic field whose frequency is grad- 
ually scanned. By determining the resonant frequency (i.e., the frequency at which the particles 
absorb energy from the oscillating field), it is possible to calculate the magnetic moment. 



8.5 Dyson Series 

Let us now try to find approximate solutions of Equation (8.11) for a general system. It is conve- 
nient to work in terms of the time evolution operator, U{to, t), which is defined 



\A, to, t) = U(to, t) \A). 



(8.39) 
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Here, \A, to, t) is the state ket of the system at time t, given that the state ket at the initial time to is 
\A). It is easily seen that the time evolution operator satisfies the differential equation 

i n ^^^^ = {Ho + H,) Uito, t), (8.40) 
ot 

subject to the initial condition 

U{to,to)^l. (8.41) 
In the absence of the external perturbation, the time evolution operator reduces to 

U(to, t) = exp[-i Ho (t - to) mi (8.42) 

Let us switch on the perturbation and look for a solution of the form 

U{to, t) = exp[-i Ho (t - to)m Uiito, t). (8.43) 

It is readily demonstrated that Uj satisfies the diflrerential equation 

dUAto, t) 
. ^ ly o, ^ ^^^^^^ ^^^^^^ 

ot 

where 

HiitQ, t) = exp[+i Hq it - to) IK] Hi exp[-i Ho it - to)/n], (8.45) 
subject to the initial condition 

U,ito,to)=l. (8.46) 

Note that Uj specifies that component of the time evolution operator which is due to the time- 
dependent perturbation. Thus, we would expect Uj to contain all of the information regarding 
transitions between diff'erent eigenstates of Hq caused by the perturbation. 

Suppose that the system starts off at time to in the eigenstate \i) of the unperturbed Hamiltonian. 
The subsequent evolution of the state ket is given by Equation (8.6), 

|/, to, t) = J] '^"'(^) ^^P[-i - ^o)/K] (8.47) 

m 

However, we also have 

\i, to, t) = exp[-i Ho it - to)/n] Uiito, t) (8.48) 

It follows that 

Cn{t) = {n\Ui{to,t)\i), (8.49) 

where use has been made of {n\m) = 5„,„. Thus, the probability that the system is found in state \n) 
at time t, given that it is definitely in state |/) at time to, is simply 

Pi^nik, t) = \{n\ Uj{to, t) (8.50) 

This quantity is usually termed the transition probability between states \i) and \n). 
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Note that the differential equation (8.44), plus the initial condition (8.46), are equivalent to the 
following integral equation, 



Ui(to,t) = l 



^ f dt'Hiito, 



f)Uj(to,n. 



(8.51) 



We can obtain an approximate solution to this equation by iteration: 

Ui(to, - 1 - ^ r Hj(to, ?') f 1 - F r df Hj(to, n Uj(to, n 

^ 1 - ^ HiitQ, t') dt' + 1^ j dt' dt" Hiito, Hiito, n 
This expansion is known as the Dyson series. Let 

^ =C^O) (l) (2) 



+ 



(8.52) 



(8.53) 



where the superscript refers to a first-order term in the expansion, etc. It follows from Equa- 
tions (8.49) and (8.52) that 



cf (0 = Stn, 



c'^\t) = -'-J^^dt'{n\Hj(to,t')\i), 

cf\t) = [j] l/^' <"l ^'(^0, Hj(to, t" 



(8.54) 
(8.55) 

(8.56) 



These expressions simplify to 

Cf (0 = 6in, 

pt 

exp[iaj„, (?' - tQ)\H„i{t'), 
^) Zi ^^Pl^ ^ ^""^ ~ ^0^^ ^'^PC i ^™ ~ ^o)] Hmiit"), (8.59) 



(8.57) 
(8.58) 



where 



and 



Eft Eff 



n 



Hnmit) = {n\Hi{t)\m). 
The transition probability between states / £ind n is simply 



(8.60) 
(8.61) 

(8.62) 
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According to the above analysis, there is no chance of a transition between states |/) and \n) 
(where i n) to zeroth order (i.e., in the absence of the perturbation). To first order, the transition 
probability is proportional to the time integral of the matrix element {n\ Hi weighted by some 
oscillatory phase-factor. Thus, if the matrix element is zero then there is no chance of a first-order 
transition between states |/) and \n). However, to second order, a transition between states \i) and 
\n) is possible even when the matrix element {n\ Hi \i) is zero. 

8.6 Sudden Perturbations 

Consider, for example, a constant perturbation that is suddenly switched on at time t = Q: 

Hi(t) = for?<0 

Hi(t) = Hi for t > 0, (8.63) 

where Hi is time-independent, but is generally a function of the position, momentum, and spin 
operators. Suppose that the system is definitely in state \i) at time t = 0. According to Equa- 
tions (8.57)-(8.59) (with to = 0), 

cfKt) = din, (8.64) 

c«(0 = -^//„, r dt' cxp[ioj„i(f-m = -=^[l-cxpiiojnim, (8.65) 

n Jo tLn- tLi 

giving 



P,^M \c„ I - _^.|2 Sin 



{En-Edt 



in 

for i t n. The transition probability between states |/) and \n) can be written 

\E„-Edt] 



(8.66) 



I W I 2 /-2 

Pi^nit) = — ^ — smc 



in 



(8.67) 



where 



sm X 

sinc(jc) = . (8.68) 

X 

The sine function is highly oscillatory, and decays like 1 /\x\ at large \x\. It is a good approximation 
to say that sinc(x) is small except when |x| < n. It follows that the transition probability, is 
small except when 

\E„-Ei\<^. (8.69) 

Note that in the limit t ^ oo only those transitions that conserve energy (i.e., = £,) have an 
appreciable probability of occurrence. At finite t, is is possible to have transitions which do not 
exactly conserve energy, provided that 

AEJt < h, (8.70) 
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where A E = \En-Ei\ is the change in energy of the system associated with the transition, and At = t 
is the time elapsed since the perturbation was switched on. This result is just a manifestation of 
the well-known uncertainty relation for energy and time. Incidentally, the energy-time uncertainty 
relation is fundamentally different to the position-momentum uncertainty relation, because (in non- 
relativistic quantum mechanics) position and momentum cire operators, whereas time is merely a 
parameter. 

The probability of a transition that conserves energy (i.e., = Ei) is 

Pi^n{t) = i^^, (8.71) 

where use has been made of sinc(O) = 1. Note that this probability grows quadratically with time. 
This result is somewhat surprising, because it implies that the probability of a transition occurring 
in a fixed time interval, t io t + dt, grows linearly with t, despite the fact that Hi is constant for 
? > 0. In practice, there is usually a group of final states, all possessing nearly the same energy as 
the energy of the initial state 10- It is helpful to define the density of states, p{E), where the number 
of final states lying in the energy range E io E + dE is given by p{E) dE. Thus, the probability of 
a transition from the initial state i to any of the continuum of possible final states is 



PUt)= \ dE„Pi^„(t)p(E„), (8.72) 

giving 

PUt) = Y J dx\HJ^p(E„) sinc\x), (8.73) 

where 

x = (E„-Edt/2n, (8.74) 

and use has been made of Equation (8.67). We know that in the limit t ^ oo the function sinc(x) is 
only non-zero in an infinitesimally narrow range of final energies centered on = Ei. It follows 
that, in this limit, we can take p{E„) and |//,„| ^ out of the integral in the above formula to obtain 



2n 



Pi^M(t)= —\H„Pp(En)t 



(8.75) 

Ef,—Ei 



where Pi^[„] denotes the transition probability between the initial state \i) and all final states \n) 
that have approximately the same energy as the initial state. Here, \H„i\^ is the average of 
over all final states with approximately the same energy as the initial state. In deriving the above 
formula, we have made use of the result 



dx sine (jc) = n. (8.76) 



Note that the transition probability, Pi^[„], is now proportional to t, instead of t^. 

It is convenient to define the transition rate, which is simply the transition probability per unit 
time. Thus, 

^i^M = ' (8-V7) 
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giving 



i->[n] 



2n 



\Hni\^p(En) 



(8.78) 



This appealingly simple result is known as Fermi's golden rule. Note that the transition rate is 
constant in time (for t > 0): i.e., the probability of a transition occurring in the time interval t to 
t + dt is independent of t for fixed dt. Fermi's golden rule is sometimes written 



2n 2 

Wi^n = — \Hni\ 6{En - E), 

n 



(8.79) 



where it is understood that this formula must be integrated with J dEnpiE„) to obtain the actual 
transition rate. 

Let us now calculate the second-order term in the Dyson series, using the constant perturbation 
(8.63). From Equation (8.59) we find that 



^^^(0 = i^jj ^nmH„i ^ dr exp( i ojr,^ t' ) df exp( 

™ I dt'[QX^{icJnit')-Q^Vi'^OJnmt'}) 

Jo 



fl ^ E„ 



1 1 \ 1 HfiffiHffii 



1 f 



[exp( i co„i t/2) sinc(ct;„; t/2) - exp( i a>„rn t/2) sinc(w„m t/2)] . (8.80) 



Thus, 



C„(t) = + = QxpiicOni t/2) 



It 



H-nm ^mi 



smc(oj„i t/2) 



y HnmH^i g^p^ . ^^2) smc(a)„„ t/2) 



(8.81) 



where use has been made of Equation (8.65). It follows, by analogy with the previous analysis, 
that 



2n 



Em Ej 



P{En) 



(8.82) 



En — Ej 



where the transition rate is calculated for all final states, \n), with approximately the same energy 
as the initial state, and for intermediate states, |m) whose energies differ from that of the initial 
state. The fact that E^ ^ causes the last term on the right-hand side of Equation (8.81) to average 
to zero (due to the oscillatory phase-factor) during the evaluation of the transition probability. 

According to Equation (8.82), a second-order transition takes place in two steps. First, the 
system makes a non-energy-conserving transition to some intermediate state |m). Subsequently, the 
system makes another non-energy-conserving transition to the final state \n). The net transition. 
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from 10 to \n), conserves energy. The non-energy-conserving transitions are generally termed 
virtual transitions, whereas the energy conserving first-order transition is termed a real transition. 
The above formula clearly breaks down if H„„H^i 4^ when = ^i- This problem can be 
avoided by gradually turning on the perturbation: i.e., Hy — > exp(rit)Hi (where 77 is very small). 
The net result is to change the energy denominator in Equation (8.82) from Ef-E^ to Ej -E^+i H rj. 



8.7 Energy-Shifts and Decay- Widths 

We have examined how a state \n), other than the initial state \i), becomes populated as a result of 
some time-dependent perturbation applied to the system. Let us now consider how the initial state 
becomes depopulated. 

In this case, it is convenient to gradually turn on the perturbation from zero att = -00. Thus, 

Hi(t) = Qxp{r] t) Hi, (8.83) 

where 77 is small and positive, and H\ is a constant. 

In the remote past, t -00, the system is assumed to be in the initial state \i). Thus, C;(/ 
-00) = 1, and Cni=i(t —> -00) = 0. Basically, we want to calculate the time evolution of the 
coefficient c,(0. First, however, let us check that our previous Fermi golden rule result still applies 
when the perturbing potential is turned on slowly, instead of very suddenly. For c„^,(0 we have 
from Equations (8.57)-(8.58) that 

cf (0 = 0, (8.84) 

c':\t) = -'-H„, f dt' exp[(;7 + i <^nd t'^ = -\ "^^^^^ ^ ' ^"'^ , (8.85) 
n J-00 n ri + iconi 

where = {n\ Hi \i). It follows that, to first order, the transition probability from state \i) to state 



fi^ rp- + a> 

■ j 



The transition rate is given by 



dPi^n 2|//„,f ?7exp(2?7 

m^nit) = —r— = ^. (8.87) 



Consider the limit 77 ^ 0. In this limit, exp(?7 1) ^ \, but 



lim , ' , = n 6{0Jni) = nti 6{En - £,)• (8.88) 
j7^o rj^ + cj^ 



ni 



Thus, Equation (8.87) yields the standard Fermi golden rule result 

2n 



Wi^„ = ^\H„i\^S(E„-Ei). (8.89) 
n 
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It is clear that the delta-function in the above formula actually represents a function that is highly 
peaked at some particular energy. The width of the peak is determined by how fast the perturbation 
is switched on. 

Let us now calculate c,(0 using Equations (8.57)-(8.59). We have 



cfit) = 1, 



cf\t) = ~ Hu J txpiijOdt' = ~ Hu 



exp(?70 
1 



(8.90) 
(8.91) 



cfV) 



(8.92) 



Thus, to second order we have 



ft 



2772 



+ 



|//^,|^exp(2?70 



(8.93) 



Let us now consider the ratio c,/c;, where = dci/dt. Using Equation (8.93), we can evaluate 
this ratio in the limit 77 ^ 0. We obtain 



-1 



+ 



//„ +lim — y 



V"' \H mi\ ^ 



Ei-E^ + itiT] 



h 77 



Em + 'ihr] 



(8.94) 



This result is formally correct to second order in perturbed quantities. Note that the right-hand side 
of Equation (8.94) is independent of time. We can write 



Ci 



n 



where 



Ai = Hu + lim y — - 
v^o Ei - 



\Hmi\'- 



Ei-Em + i%r] 



is a constant. According to a well-known result in pure mathematics, 

lim — i — = P- - in 6{x), 

e^O X + l€ X 

where e > 0, £ind P denotes the principal part. It follows that 



Ai = Hu + !P -in J] \H„i\ ^ 6(Ei - E^). 



(8.95) 



(8.96) 



(8.97) 



(8.98) 
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It is convenient to nonnalize the solution of Equation (8.95) such that c;(0) = 1. Thus, we 
obtain 

-iJit] 



Q(0 = exp^^^j. (8.99) 
According to Equation (8.6), the time evolution of the initial state ket |/) is given by 

|/, t) = exp[-i (Ai + Ei) t/H] 10. (8. 100) 

We can rewrite this result as 

\i, t) = exp(-i [Ei + Re(zl;) ] t/H) exp[ Im(zl;) t/ti] (8. 101) 

It is clear that the real part of J, gives rise to a simple shift in energy of state |/), whereas the 
imaginary part of Ai governs the growth or decay of this state. Thus, 

|/, t) = exp[-i (Ei + AEi) t/H] exp(-r; t/2 ti) (8. 102) 

where 



\H,ni\ 

nti^i = Ket^zi,; = nu + r 

and 



AEi = Re(^,) = Ha + ^ V (8.103) 



Ti 2Im(^,) In 



Y^\HX5{Ei-E^). (8.104) 



yi h h . 

Note that the energy-shift AEi is the same as that predicted by standard time-independent pertur- 
bation theory. 

The probability of observing the system in state \i) at time r > 0, given that it is definately in 
state \i) at time ? = 0, is given by 

Pi^iii) = \ci\ ' = exp(-r,- t/n), (8. 105) 

where 

-^=Y^Wi^m. (8.106) 

Here, use has been made of Equation (8.79). Clearly, the rate of decay of the initial state is a simple 
function of the transition rates to the other states. Note that the system conserves probability up to 
second order in perturbed quantities, because 

The quantity is called the decay-width of state It is closely related to the mean lifetime 
of this state, 

Ti = I", (8.108) 
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where 

Pt^i = expi-t/n). (8.109) 

According to Equation (8.101), the amplitude of state |/) both oscillates and decays as time pro- 
gresses. Clearly, state \i) is not a stationary state in the presence of the time-dependent perturbation. 
However, we can still represent it as a superposition of stationary states (whose amplitudes simply 
oscillate in time). Thus, 



exp[-i{Ei+AEi)t/n]exp{-rit/2n) = J dE f{E)exp{-iE t/H), (8.110) 

where f(E) is the weight of the stationary state with energy E in the superposition. The Fourier 
inversion theorem yields 

1/(^)1^ ^- (8.111) 

(E-lEi + RtiAW + rl/A 

In the absence of the perturbation, |/(£')| ^ is basically a delta-function centered on the unperturbed 
energy of state In other words, state \i) is a stationary state whose energy is completely 
determined. In the presence of the perturbation, the energy of state |/) is shifted by Re(zl;). The 
fact that the state is no longer stationary (i.e., it decays in time) implies that its energy cannot 
be exactly determined. Indeed, the energy of the state is smeared over some region of width (in 
energy) T, centered around the shifted energy Ei + Re(Ai). The faster the decay of the state (i.e., the 
larger T,), the more its energy is spread out. This effect is clearly a manifestation of the energy-time 
uncertainty relation AEJt ~ fi. One consequence of this effect is the existence of a natural width of 
spectral lines associated with the decay of some excited state to the ground state (or any other lower 
energy state). The uncertainty in energy of the excited state, due to its propensity to decay, gives 
rise to a slight smearing (in wavelength) of the spectral line associated with the transition. Strong 
lines, which correspond to fast transitions, are smeared out more that weak lines. For this reason, 
spectroscopists generally favor forbidden lines (see Section 8.10) for Doppler-shift measurements. 
Such lines are not as bright as those corresponding to allowed transitions, but they are a lot sharper. 

8.8 Harmonic Perturbations 

Consider a perturbation that oscillates sinusoidally in time. This is usually called a harmonic 
perturbation. Thus, 

Hy{t) = V exp( iojt) + V'^ exp(-i co t), (8.1 12) 

where V is, in general, a function of position, momentum, and spin operators. 

Let us initiate the system in the eigenstate |/) of the unperturbed Hamiltonian, Hq, and switch 
on the harmonic perturbation at f = 0. It follows from Equation (8.58) that 

= Y X ^^^^^ ^ ^'^ ^ ^ ^'^^ ^^^^ ^ ^'^ 

1 / 1 - exp[ i (co„i + (o)t] 1 - exp[ i (co„i - co) t] A ,o 1 1 a^ 

-r ; Vni + Vni], (6.11 J) 
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where 

V„i = {n\V\i), (8.114) 

Vl = {n\vUi) = {i\V\nr. (8.115) 
This formula is analogous to Equation (8.65), provided that 

iO„i = ^" ^ ^' OJni + CJ. (8.116) 

n 

Thus, it follows from the analysis of Section 8.6 that the transition probability Pi^„it) = |c^'V is 
only appreciable in the limit t —> oo if 

OJni + cl> - or En - Ei - fico, (8.117) 
a>ni - cc) - or En - Ei + fioj. (8.118) 

Clearly, (8. 117) corresponds to the first term on the right-hand side of Equation (8.113), and (8.118) 
corresponds to the second term. The former term describes a process by which the system gives 
up energy Hco to the perturbing field, while making a transition to a final state whose energy level 
is less than that of the initial state by Ti a>. This process is known as stimulated emission. The latter 
term describes a process by which the system gains energy fi co from the perturbing field, while 
making a transition to a final state whose energy level exceeds that of the initial state by fi to. This 
process is known as absorption. In both cases, the total energy (i.e., that of the system plus the 
perturbing field) is conserved. 

By analogy with Equation (8.78), 



2n 



Wi^,n,= ^\vlPp{En) 



(8.119) 

E„=Ei-ti oj 

(8.120) 

E„=Ei+hw 



Equation (8.119) specifies the transition rate for stimulated emission, whereas Equation (8.120) 
gives the transition rate for absorption. These equations are more usually written 

Wi^„ = ^ \V„i\^6{E„ - Ei + noj), (8.121) 
n 

Wi^„ = y \Vl.\^6(En - Ei -nco). (8.122) 

It is clear from Equations (8.114)-(8.115) that IV^I^ = It follows from Equations (8.119)- 

(8.120) that 

Wi^[n] Wn^[i] 
P(En) p(Ei) 

In other words, the rate of stimulated emission, divided by the density of final states for stimulated 
emission, equals the rate of absorption, divided by the density of final states for absorption. This 
result, which expresses a fundamental symmetry between absorption and stimulated emission, is 
known as detailed balancing, and is very important in statistical mechanics. 
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8.9 Absorption and Stimulated Emission of Radiation 

Let us use some of the results of time-dependent perturbation theory to investigate the interaction 
of an atomic electron with classical (i.e., non-quantized) electromagnetic radiation. 
The unperturbed Hamiltonian is 

Ho = ^ + Voir). (8.124) 

2 Me 

The standard classical prescription for obtaining the Hamiltonian of a particle of charge q in the 
presence of an electromagnetic field is 

p^p-gA, (8.125) 

H^H-q(p, (8.126) 

where A(r) is the vector potential and 0(r) is the scalar potential. Note that 

E = -V0-^, (8.127) 

B = VxA. (8.128) 

This prescription also works in quantum mechanics. Thus, the Hamiltonian of an atomic electron 
placed in an electromagnetic field is 

H='^ --e(P + Vo{r), (8.129) 

2 Me 

where A and are real functions of the position operators. The above equation can be written 

(p^ + A ■ p + p ■ A + e-A^\ 

H=^- L-ecf>+Vo{r). (8.130) 

2 me 

Now, 

p-A = A-p, (8.131) 
provided that we adopt the gauge V • A = 0. Hence, 

e A • p e^A^ 

H=f ^ + - e^ + Vo(r). (8.132) 

2 mg nie 2 nie 

Suppose that the perturbation corresponds to a monochromatic plane-wave, for which 

= 0, (8.133) 

A = 2Aoe cos|^n-x-<t>rj, (8.134) 
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where e and n are unit vectors that specify the direction of polarization and the direction of propa- 
gation, respectively. Note that e • n = 0. The Hamiltonian becomes 

H = Ho + Hiit), (8.135) 

with 

2 m, 



^o = /^ + V(r), (8.136) 



and 

H, - (8.137) 

me 

where the term, which is second order in Aq, has been neglected. 
The perturbing Hamiltonian can be written 

Hi = ^^^^ P (exp[i(a;/c)n • x-itL)t] + exp[-i(ct>/c)n • x + iojt]). (8.138) 
me 

This has the same form as Equation (8.1 12), provided that 

_ eAoe-p gxp[-i(a;/c)n-x] (8.139) 

It is clear, by analogy with the previous analysis, that the first term on the right-hand side of 
Equation (8.138) describes the absorption of a photon of energy fioj, whereas the second term 
describes the stimulated emission of a photon of energy h oj. It follows from Equations (8.121) and 
(8.122) that the rates of absorption and stimulated emission are 

Wi^n = ^—r |Aol ' \{n\ exp[ i (a>/c) n • x] 6 • p |/)| ^ (5(£„ -E^-fi u)), (8. 140) 

n me 

and ^ 

^i^n = |Aol' Kn| exp[-i(6>/c)n • x] e ■p\i)\^SiE„ - + nio), (8.141) 

n 

respectively. 

Now, the energy density of a radiation field is 



U=U^ + ^\, (8.142) 



2 1 2 lixoj' 



where Eo and 5o = ^o/c = 2 Aq (x»/c are the peak electric and magnetic field- strengths, respectively. 
Hence, 

U = 2eoca/\Ao\^, (8.143) 
and expressions (8.140) and (8.141) become 

.2 



n 

% 6o me ixp- 



^i^n = T. ,..22 ^ l<"l ^^P^ i (^/^) n • X] e • P 101 SiE„ -Ei-fi cS), (8. 144) 
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and 



2 

TT e 



Wi^„ = ^ U \{n\ exp[-i (co/c) n • x] e • p | j)| " 6(E„ -Ei + H lo), (8. 145) 

n 6o o;^ 

respectively. Finally, if we imagine that the incident radiation has a range of different frequencies, 
so that 

U = J doju(co), (8.146) 

where da> u{io) is the energy density of radiation whose frequency lies in the range a>X.o (o + da>, 
then we can integrate our transition rates over co to give 

2 

m^n = -pi :r~r ^^^nd K«l exp[ i {wnilc) n • x] e • p |/)| ^ (8. 147) 



for absorption, and 



n e 



2 



m^n = '-T—r u{oJin)\(n\ exp[-i (6o»,„/c) 11 • x] € • p|/)|^ (8.148) 



for stimulated emission. Here, a)„i = (E„ - Ei)/fi> and (x>,„ = (Ei - E„)/ti > 0. Furthermore, we 
are assuming that the radiation is incoherent, so that intensities can be added. 



8.10 Electric Dipole Approximation 

In general, the wavelength of the type of electromagnetic radiation that induces, or is emitted 
during, transitions between different atomic energy levels is much larger than the typical size of a 
light atom. Thus, 

exp[ i (ij/c) n • x] = l+ i — n-x + -- -, (8.149) 

c 

can be approximated by its first term, unity (remember that a>/c = 2n/A). This approximation is 
known as the electric dipole approximation. It follows that 

<n| exp[i(6t>/c)n • x] e • p|f) ^ e • {n\ p |/). (8.150) 

It is readily demonstrated that 

[x,Ho] = ^, (8.151) 

Me 

SO 

{n\ p 10 = -i -^<n| [x, Hq\ \i) = im^ (o„i {n\ x |/). (8.152) 
n 

Thus, making use of the electric dipole approximation, we obtain 

c 

n 



Wi^n = ^Tl^CC% U(pjnd k " fn,l ' (8. 153) 



for absorption, cind 



Wi^n = Aifa- u(oJi„) \e-fi„r (8. 154) 

n 
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for stimulated emission, where 

fni = {n\x\i), (8.155) 

and or = e^/{2 60 he) - 1/137 is the fine structure constant. 

Suppose that the radiation is polarized in the z-direction, so that e = e^. We have already seen, 
from Section 7.4, that {n\ z \i) = unless the initial and final states satisfy 

Al = +l, (8.156) 
Am = 0. (8.157) 

Here, / is the quantum number describing the total orbital angular momentum of the electron, and 
m is the quantum number describing the projection of the orbital angular momentum along the 
z-axis. It is easily demonstrated that {n\ x \i) and {n\ y \i) are only non-zero if 

Al = ±l, (8.158) 
Am = +l. (8.159) 

Thus, for generally directed radiation e • f„, is only non-zero if 

Al = ±l, (8.160) 
Am = 0,+l. (8.161) 

These are termed the selection rules for electric dipole transitions. It is clear, for instance, that 
the electric dipole approximation allows a transition from alp state to a I5 state, but disallows a 
transition from a 2^ to a I5 state. The latter transition is called a forbidden transition. 

Forbidden transitions are not strictly forbidden. Instead, they take place at a far lower rate than 
transitions that are allowed according to the electric dipole approximation. After electric dipole 
transitions, the next most likely type of transition is a magnetic dipole transition, which is due to 
the interaction between the electron spin and the oscillating magnetic field of the incident electro- 
magnetic radiation. Magnetic dipole transitions are typically about 10^ times more unlikely than 
similcir electric dipole transitions. The first-order term in Equation (8.149) yields so-called electric 
quadrupole transitions. These are typically about 10^ times more unlikely than electric dipole tran- 
sitions. Magnetic dipole and electric quadrupole transitions satisfy different selection rules than 
electric dipole transitions. For instance, the selection rules for electric quadrupole transitions are 
Al = 0, ±2. Thus, transitions that are forbidden as electric dipole transitions may well be allowed 
as magnetic dipole or electric quadrupole transitions. 



8.11 Spontaneous Emission 

So far, we have calculated the rates of radiation induced transitions between two atomic states. 
This process is known as absorption when the energy of the final state exceeds that of the initial 
state, and stimulated emission when the energy of the final state is less than that of the initial state. 
Now, in the absence of any external radiation, we would not expect an atom in a given state to 
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spontaneously jump into a state with a higher energy. On the other hand, it should be possible for 
such an atom to spontaneously jump into an state with a lower energy via the emission of a photon 
whose energy is equal to the difference between the energies of the initial and final states. This 
process is known as spontaneous emission. 

It is possible to derive the rate of spontaneous emission between two atomic states from a 
knowledge of the corresponding absorption and stimulated emission rates using a famous thermo- 
dynamic argument due to Einstein. Consider a very large ensemble of similar atoms placed inside 
a closed cavity whose walls (which are assumed to be perfect emitters and absorbers of radiation) 
are held at the constant temperature T. Let the system have attained thermal equilibrium. Accord- 
ing to statistical thermodynamics, the cavity is filled with so-called "black-body" electromagnetic 
radiation whose energy spectrum is 

u(aj) = f , (8.162) 

exp(rt oj/kb T) - I 

where ks is the Boltzmann constant. This well-known result was first obtained by Max Planck in 
1900. 

Consider two atomic states, labeled 2 and 1, with E2 > Ei. One of the tenants of statistical 
thermodynamics is that in thermal equilibrium we have so-called detailed balance. This means 
that, irrespective of any other atomic states, the rate at which atoms in the ensemble leave state 
2 due to transitions to state 1 is exactly balanced by the rate at which atoms enter state 2 due to 
transitions from state 1. The former rate (i.e., number of transitions per unit time in the ensemble) 
is written 

W2^i = N2 iwZi + wtZiX (8.163) 

where iv^^^ and are the rates of spontaneous and stimulated emission, respectively, (for a 
single atom) between states 2 and 1, and A^2 is the number of atoms in the ensemble in state 2. 
Likewise, the latter rate takes the form 

Wi^2 = M<4. (8.164) 

where vtf^^^ is the rate of absorption (for a single atom) between states 1 and 2, and A^i is the num- 
ber of atoms in the ensemble in state 1 . The above expressions describe how atoms in the ensemble 
make transitions from state 2 to state 1 due to a combination of spontaneous and stimulated emis- 
sion, and make the opposite transition as a consequence of absorption. In thermal equilibrium, we 
have W2^i = W\^2, which gives 

„spn _ -"1 „,abs „,stm /o i 



2 



Equations (8.153) and (8.154) imply that 



|^-ljM(^^2l){|6-f2ll'), (8.166) 
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where t02i = {E2-E\)lfi, and the large angle brackets denote an average over all possible directions 
of the incident radiation (because, in equilibrium, the radiation inside the cavity is isotropic). In 
fact, it is easily demonstrated that 

{k-f2il') = ^, (8.167) 

where f^i stands for 

f^, = K2|x|l)|2 + K2|i/|l)|2 + K2U|1)|2. (8.168) 

Now, another famous result in statistical thermodynamics is that in thermal equilibrium the number 
of atoms in an ensemble occupying a state of energy E is proportional to exp{-E/kBT). This 
implies that 

U' = r 17 ,1 = ^W(.^^2\lkBT). (8.169) 

Thus, it follows from Equations (8.162), (8.166), (8.167), and (8.169) that the rate of spontaneous 
emission between states 2 and 1 takes the form 

/ ,3 2 f2 

spn ^2\ *^ J2\ /Q 
«^2-.l = Z TT- (8.170) 

Note, that, although the above result has been derived for an atom in a radiation-filled cavity, it 
remains correct even in the absence of radiation. 

Let us estimate the typical value of the spontaneous emission rate for a hydrogen atom. We 
expect the matrix element /21 to be of order oq, where ao is the Bohr radius. We also expect 0)21 to 
be of order \Eo\/ti, where Eq is the ground-state energy. It thus follows from Equation (8.170) that 

<^i~Qr^6>2i, (8.171) 

where or ^ 1 / 1 37 is the fine structure constant. This is an important result, because our perturbation 
expansion is based on the assumption that the transition rate between diflFerent energy eigenstates 
is much slower than the frequency of phase oscillation of these states: i.e., that wf^^ «: 0*21. This 
is indeed the case. 



Exercises 

8. 1 Demonstrate that p • A = A • p when V • A = 0, where p is the momentum operator, and A(x) 
is a real function of the position operator, x. Hence, show that the Hamiltonian (8.132) is 
Hermitian. 

8.2 Find the selection rules for the matrix elements (n, I, m\ x \n', I' , m'), {n, I, m\ y \n' , I', m'), and 
{n, I, m\ z \n', /', m') to be non-zero. Here, \n, I, m) denotes an energy eigenket of a hydrogen- 
like atom corresponding to the conventional quantum numbers, n, I, and m. 

8.3 Demonstrate that 

(k-f21P) = f , 

where the average is taken over all directions of the incident radiation. 
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8.4 Demonstrate that the spontaneous decay rate (via an electric dipole transition) from any 2p 
state to a Is state of a hydrogen atom is 

«^2,^u = (^)^^^ = 6.26xl0«s-', 

where a is the fine structure constant. Hence, deduce that the natural line width of the 
associated spectral line is 

- ^ 4 X lO-l 

A 

The only non-zero Is <r^ 2p electric dipole matrix elements take the values 

<l,0,OU|2,l,±l) = ±-ao, 
2' 

<l,0,0|j/|2,l,+l) = i^ao, 
<1,0,0U|2,1,0)= V2^flo, 

where ao is the Bohr radius. 
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9 Scattering Theory 



9.1 Introduction 

Historically, data regarding quantum phenomena has been obtained from two main sources — the 
study of spectroscopic lines, and scattering experiments. We have already developed theories that 
account for some aspects of the spectra of hydrogen-like atoms. Let us now examine the quantum 
theory of scattering. 

9.2 Fundamental Equations 

Consider time-independent scattering theory, for which the Hamiltonian of the system is written 

H = Ho + Hu (9.1) 
where Hq is the Hamiltonian of a free particle of mass m, 

^0 = (9.2) 
2m 

and Hi represents the non-time-varying source of the scattering. Let |0) be an energy eigenket of 
Ho, 

Ho\(P) = E\<p), (9.3) 

whose wavefunction (x'|0) is 0(x'). This state is assumed to be a plane wave state or, possibly, a 
spherical wave state. Schrodinger's equation for the scattering problem is 

(Ho + Him = E\il^}, (9.4) 

where is an energy eigenstate of the total Hamiltonian whose wavefunction (x'|(/^) is ifr{x'). In 
general, both Hq and Hq + Hi have continuous energy spectra: i.e., their energy eigenstates are 
unbound. We require a solution of Equation (9.4) that satisfies the boundary condition li//) |^) 
as Hi 0. Here, \(p) is a solution of the free particle Schrodinger equation, (9.3), corresponding 
to the same energy eigenvalue. 

Adopting the Schrodinger representation, we can write the scattering problem (9.4) in the form 

(V2 + ^)^(x) = ^<x|//i|^), (9.5) 

where 

E = (9.6) 
2m 
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Equation (9.5) is called the Helmholtz equation, and can be inverted using standard Green's func- 
tion techniques. Thus, 

(A(x) = 0(x) + ^ J d^x' G(x, x') (x'l H, (9.7) 

where 

(V^ + e) G(x, x') = 6(x - x'). (9.8) 

Note that the solution (9.7) satisfies the boundary condition —> |0) as Hi —> 0. As is well- 
known, the Green's function for the Helmholtz problem is given by 

exp^iU^ (9.9) 
4n\x - x'l 

Thus, Equation (9.7) becomes 

f *(x) = m - ^ r<'V "Pf,*'^-"'" <x'i H, ir). (9.10) 

J 4;r|x-x'| 

Let us suppose that the scattering Hamiltonian, Hi, is only a function of the position operators. 
This implies that 

<x'|//i|x) = V(x)5(x-x'). (9.11) 

We can write 

<x'|//i|^*) = j d'x"{x'\Hi\x"}{x"\ilf^} =y(x')^*(x'). (9.12) 
Thus, the integral equation (9.10) simplifies to 

^*(x) = m - ^ f dh' f^iis^itzi^]) v(xv*(x'). (9.13) 

W J 4;r|x-x'| 



Suppose that the initial state is a plane wave with wavevector k (i.e., a stream of particles 
of definite momentum p = hk). The ket corresponding to this state is denoted |k). The associated 
wavefunction takes the form 

<x|k> = !^!^^. (9.14) 
The wavefunction is normalized such that 

<k|k') = J dh(k\x}(x\k'} = J dh^^^^^^^^^^^^^=6(k-k'). (9.15) 

Suppose that the scattering potential V(x) is only non-zero in some relatively localized region 
centered on the origin (x = 0). Let us calculate the wavefunction (/r(x) a long way from the 
scattering region. In other words, let us adopt the ordering r » It is easily demonstrated that 

|x-x'| ^ r-e,-x' (9.16) 



Scattering Theory 



147 



to first order in r'/r, where 

e. = - (9.17) 
r 

is a unit vector that points from the scattering region to the observation point. Here, r = |x| and 
r' = |x'|. Let us define 

k'=yte,. (9.18) 

Clearly, k' is the wavevector for particles that possess the same energy as the incoming particles 
(i.e., k' = k), but propagate from the scattering region to the observation point. Note that 

exp(±i ^ |x - x'l ) ^ exp(±i k r) exp(+i k' • x'). (9. 19) 

In the large-r limit. Equation (9.13) reduces to 
exp( i k • x) m exp(+i k r) 



J £x' exp(+i k' • x') V(x') il/-(x'). (9.20) 



The first term on the right-hand side is the incident wave. The second term represents a spherical 
wave centred on the scattering region. The plus sign (on ^^*) corresponds to a wave propagating 
away from the scattering region, whereas the minus sign corresponds to a wave propagating to- 
wards the scattering region. It is obvious that the former represents the physical solution. Thus, 
the wavefunction a long way from the scattering region can be written 



where 



exp(ik.x)+^^P<iA^/(k',k) 



(9.21) 



m: k) = / .'X' ^^^^^ V(x') ,(x') = -(2^ <k1 «, „>. <9.22) 

Let us define the differential cross-section, dcr/dQ, as the number of particles per unit time 

scattered into an element of solid angle dQ, divided by the incident flux of particles. Recall, from 
Chapter 3, that the probability current (i.e., the particle flux) associated with a wavefunction ^ is 

j = -Im(rV(A). (9.23) 
m 



Thus, the probability flux associated with the incident wavefunction, 

exp( i k • x) 
(27r)3/2 ' 

is 



(9.24) 



jinc = k. (9.25) 



Likewise, the probability flux associated with the scattered wavefunction, 

txp{ikr)f{k',k) 



(9.26) 
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jsca ~ ^r, s-i T kCr. (9.27) 

{2ny m 

Now, 

-j7,dQ= 'P' , (9.28) 

giving 

^ = |/(k',k)|l (9.29) 

Thus, |/(k', k)|-^ gives the differential cross-section for particles with incident momentum k to be 
scattered into states whose momentum vectors are directed in a range of solid angles dQ about fi k'. 
Note that the scattered particles possess the same energy as the incoming particles (i.e., k' = k). 
This is always the case for scattering Hamiltonians of the form specified in Equation (9.1 1). 

9.3 Bom Approximation 

Equation (9.29) is not particularly useful, as it stands, because the quantity /(k', k) depends on the 
unknown ket |^). Recall that ij/(x) = {x\ij/) is the solution of the integral equation 

where 0(x) is the wavefunction of the incident state. According to the above equation, the total 
wavefunction is a superposition of the incident wavefunction and lots of spherical waves emitted 
from the scattering region. The strength of the spherical wave emitted at a given point is propor- 
tional to the local value of the scattering potential, V, as well as the local value of the wavefunction, 
^- 

Suppose that the scattering is not particularly strong. In this case, it is reasonable to suppose 
that the total wavefunction, i/'(x), does not differ substantially from the incident wavefunction, 0(x). 
Thus, we can obtain an expression for /(k', k) by making the substitution 

= (9.31) 

This is called the Born approximation. 
The Born approximation yields 

/(k',k)--^ J jVexp[i(k-k')-x']y(x'). (9.32) 

Thus, /(k', k) is proportional to the Fourier transform of the scattering potential V{x) with respect 
to the wavevector q = k - k'. 

For a spherically symmetric potential, 

^oo plj! 

/(k', k) ^ - -— Jr' de' d(p' r' ^ sin 6' exp( i q r' cos &) y(r'), (9.33) 

^nh^ Jo Jo Jo 
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giving 

2m r°° 

/(k',k)^-— dr' r'V{r')sm(qr'). (9.34) 
n q Jo 

Note that /(k', k) is just a function of ^ for a spherically symmetric potential. It is easily demon- 
strated that 

^ = |k - k'l = 2 A: sin(6'/2), (9.35) 

where 9 is the angle subtended between the vectors k and k'. In other words, 6 is the angle of 
scattering. Recall that the vectors k and k' have the same length, as a consequence of energy 

conservation. 

Consider scattering by a Yukawa potential 

V(r) = ^"^^P^-^^l (9.36) 
fir 

where Vo is a constant, and l/fx measures the "range" of the potential. It follows from Equa- 
tion (9.34) that 

because 

I Jr' exp(-A/r') sin(^/) = -r^. (9.38) 
Jo r + )« 

Thus, in the Bom approximation, the differential cross-section for scattering by a Yukawa potential 

d_.(2rnVo\' I 

The Yukawa potential reduces to the familiar Coulomb potential as fi —> 0, provided that 
^o/i" —> ZZ' e^l4neQ. In this limit, the Bom differential cross-section becomes 



dcr llmZZ' e^\ 1 



dQ \ 4n6Qrf ) 16;^^ sin^(e/2)' 
Recall that ^ A: is equivalent to |p|, so the above equation can be rewritten 



(9.40) 



da- ( ZZ' \^ 1 



dQ \l6neoEl sm\e/2) 



(9.41) 



where E = p^/2m is the kinetic energy of the incident particles. Equation (9.41) is identical to the 
classical Rutherford scattering cross-section formula. 

The Born approximation is valid provided that ^(x) is not too different from 0(x) in the scat- 
tering region. It follows, from Equation (9.13), that the condition for ^(x) =^ 0(x) in the vicinity of 
X = is 

m 
M2 



J ^3^, exp^ 



1. (9.42) 
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Consider the special case of the Yukawa potential. At low energies, (i.e., ^ «; //) we can replace 
exp( i ^ r') by unity, giving 

« 1 (9.43) 

as the condition for the validity of the Bom approximation. The condition for the Yukawa potential 
to develop a bound state is 

> 2.7. (9.44) 

where Vq is negative. Thus, if the potential is strong enough to form a bound state then the Bom 
approximation is likely to break down. In the high-^ limit. Equation (9.42) yields 

This inequality becomes progressively easier to satisfy as k increases, implying that the Bom ap- 
proximation is more accurate at high incident particle energies. 



9.4 Partial Waves 

We can assume, without loss of generality, that the incident wavefunction is characterized by a 
wavevector k that is aligned parallel to the z-axis. The scattered wavefunction is characterized by 
a wavevector k' that has the same magnitude as k, but, in general, points in a different direction. 
The direction of k' is specified by the polar angle 6 (i.e., the angle subtended between the two 
wavevectors), and an azimuthal angle ^ about the z-axis. Equation (9.34) strongly suggests that 
for a spherically symmetric scattering potential [i.e., V{x) = V(r)] the scattering amplitude is a 
function of 9 only: i.e., 

mcp) = m. (9.46) 

It follows that neither the incident wavefunction, 

exp(ifcz) exp(iA:rcos6') 
'^^^^ = /o ^3/2 = X3/2 ' (9.47) 



nor the total wavefunction, 

exp(i/:r)/(0) 



(/r(x) = 



(2;r)3/2 



exp( i k r cos 6) + 



(9.48) 



depend on the azimuthal angle (p. 

Outside the range of the scattering potential, both ^(x) and ^^^(x) satisfy the free space Schrodinger 
equation 

(V^ + k^)ilj = 0. (9.49) 

Consider the most general solution to this equation in spherical polar coordinates that does not 
depend on the azimuthal angle (p. Separation of variables yields 



ilf{r, 6)=Yj ^/(cos 9), (9.50) 



/=0,oo 
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since the Legendre polynomials P/(cos 6) form a complete set in 0-space. The Legendre polyno- 
mials are related to the spherical harmonics introduced in Chapter 4 via 



An 

Piicos9) = \ljl—[Yio(0,cp). (9.51) 



Equations (9.49) and (9.50) can be combined to give 

r^^+2r^ + [k'r^-lil+ 1)] Ri = 0. (9.52) 
dr^ dr 

The two independent solutions to this equation are the spherical Bessel function, ji(kr), and the 
Neumann function, T]i(k r), where 

//I d\^my 
\ ydyj y 

I I i d\' COSM 

r]iiy) = -y'\—:r] — ■ (^.54) 

\ ydyj y 

Note that spherical Bessel functions are well-behaved in the limit y ^ , whereas Neumann 
functions become singular. The asymptotic behaviour of these functions in the limit j/ ^ oo is 

sin(i/-/;r/2) 

jiiy) , (9.55) 

y 

cos(y-ln/2) 

miy) • (9.56) 

y 

We can write 

exp( i A: r cos 6*) = ^ a/ ji{k r) P;(cos 6), (9.57) 

/=0,oo 

where the ai are constants. Note there are no Neumann functions in this expansion, because they 
are not well-behaved as r ^ 0. The Legendre polynomials are orthogonal. 



X 



1 c 



dfiPn(M)PM = ^TJ^, (9.58) 
] n + 1/2 



so we can invert the above expansion to give 

aiji(kr) = {l+ 1/2) f diuexpiikriu)Pi(ju). (9.59) 

It is well-known that 



ji(y) =^-Y-j_^dfi exp( i yfi) Pi(m), (9.60) 

where / = 0, oo. Thus, 

a/ = i'(2/+l), (9.61) 
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giving 

exp( ikrcose)= ^ i' (2 / + 1) jiik r) P/(cos 6). (9.62) 

/=0,oo 

The above expression tells us how to decompose a plane wave into a series of spherical waves (or 
"partial waves"). 

The most general solution for the total wavefunction outside the scattering region is 

= TT^TI Z ji^^ ^) + "T^^ ^9.63) 

where the A/ and Bi are constants. Note that the Neumann functions are allowed to appear in this 
expansion, because its region of validity does not include the origin. In the l£irge-r limit, the total 
wavefunction reduces to 



sin(^r - /;r/2) cos(kr-ln/2) 

Ai ; Bi 



Piicos9), (9.64) 



kr kr 

where use has been made of Equations (9.55)-(9.56). The above expression can also be written 

1 v"' sin(A: r - lull + 61) 

where the sine and cosine functions have been combined to give a sine function that is phase-shifted 
by 5,. 

Equation (9.65) yields 

, 1 ^^P[^(^^~^^/2 + (5;)]-exp[-i(^r-/;r/2 + ^,)] 
^^(x) ^ 7^—57^ > Ci — P/(cos 6), (9.66) 

which contains both incoming and outgoing spherical waves. What is the source of the incoming 
waves? Obviously, they must be part of the large-r asymptotic expansion of the incident wave- 
function. In fact, it is easily seen that 

(2ny'^ ,4H 2i kr 

/=0,oo 

in the large-r limit. Now, Equations (9.47) and (9.48) give 

(2nf"[m - m] = '-^^^ m. (9.68) 

r 

Note that the right-hand side consists only of an outgoing spherical wave. This implies that the 
coefficients of the incoming spherical waves in the large-r expansions of ^^(x) and 0(x) must be 
equal. It follows from Equations (9.66) and (9.67) that 

Q = (2/ + 1) exp[i(^, + ln/2)]. (9.69) 



Scattering Theory 



153 



Thus, Equations (9.66)-(9.68) yield 

exp(i(J/) . 



m = 2 (2 / + 1) sin Si A(cos 6). (9.70) 



l=0,oo 



Clearly, determining the scattering amplitude f(6) via a decomposition into partial waves (i.e., 
spherical waves) is equivalent to determining the phase-shifts 6i. 



9.5 Optical Theorem 

The differential scattering cross-section dcr/dQ is simply the modulus squared of the scattering 
amplitude f(6). The total cross-section is given by 

where yu = cos 9. It follows that 

^^totai = ^2(2/+l)sin2 5,, (9.72) 

/=0,oo 

where use has been made of Equation (9.58). A comparison of this result with Equation (9.70) 
yields 

4;r 

(^totai = -rlm[/(0)], (9.73) 

k 

since /'/(I) = 1. This result is known as the optical theorem. It is a reflection of the fact that the 
very existence of scattering requires scattering in the forward {6 = 0) direction in order to interfere 
with the incident wave, and thereby reduce the probability current in this direction. 
It is usual to write 

O-total = Yj (^-^"^^ 

/=0,oo 

where 



4n 



o-i= ^(2l+l)sm^6i (9.75) 

is the Ith partial cross-section: i.e., the contribution to the total cross-section from the /th partial 
wave. Note that the maximum value for the Ith partial cross-section occurs when the phase-shift 6i 
takes the value 7r/2. 
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9.6 Determination of Phase-Shifts 



Let us now consider how the phase-shifts 6i can be evaluated. Consider a spherically symmetric 
potential V(r) that vanishes for r > a, where a is termed the range of the potential. In the region 
r > a, the wavefunction if/{x) satisfies the free-space Schrodinger equation (9.49). The most general 
solution that is consistent with no incoming spherical waves is 



(9.76) 



where 

Ai{r) = exp( i 6i) [cos 6i ji(k r) - sin 6i r]i(k r)] . (9.77) 

Note that Neumann functions are allowed to appear in the above expression, because its region of 
validity does not include the origin (where V 0). The logarithmic derivative of the /th radial 
wavefunction A/(r) just outside the range of the potential is given by 

\ cos 6ij'i(k a) -sm6ir]'i(k a)] 

fii+=ka _ . — — , (9.78) 

[ cos 0/ ji{k a) - sm d/ rjiik a) 

where f^ix) denotes dji(x)/dx, etc. The above equation can be inverted to give 

kaj\(ka)-fii+ji(ka) 
^^^^i = I — ^ 7r\- (9.79) 

Thus, the problem of determining the phase-shift 6i is equivalent to that of determining 

The most general solution to Schrodinger's equation inside the range of the potential (r < a) 
that does not depend on the azimuthal angle cp is 

= tAth J]H2l+l) Riir) P,(cos 9), (9.80) 



(2;r)3/2 



=0,00 



where 



and 



Riir) = 



ui(r) 



Ui 



+ 



k" 



2m 1(1+1) 



Ul = 0. 



(9.81) 



(9.82) 



The boundary condition 

uiiO) = (9.83) 

ensures that the radial wavefunction is well-behaved at the origin. We can launch a well-behaved 
solution of the above equation from r = 0, integrate out to r = a, and form the logarithmic 
derivative 

1 d(ui/r) 



/3i- = 



(9.84) 



(ui/r) dr 

Because i/^(x) and its first derivatives are necessarily continuous for physically acceptible wave- 
functions, it follows that 

A+=A-. (9.85) 
The phase-shift 6i is obtainable from Equation (9.79). 
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9.7 Hard Sphere Scattering 

Let us test out this scheme using a particularly simple example. Consider scattering by a hard 
sphere, for which the potential is infinite for r < a, and zero for r > a. It follows that 0^(x) is zero 
in the region r < a, which implies that m/ = for all /. Thus, 

fit_=/3i^ = oo, (9.86) 

for all /. It follows from Equation (9.79) that 

tan 5/ = —TT^- (9.87) 
r]i(ka) 

Consider the / = partial wave, which is usually referred to as the ^-wave. Equation (9.87) 
yields 

sm(ka)/ka , 

tan So = \/\„ = - tan(A: a), (9.88) 

- cos{ka)/ka 

where use has been made of Equations (9.53)-(9.54). It follows that 

So = -ka. (9.89) 

The 5-wave radial wave function is 

cos(ka) sin(^r) - sin(^a) cos(fcr) 



Ao(r) = exTp(-ika) 



sm[kir-a)] 

= exp(-ika) ; . (9.90) 

kr 



kr 

The corresponding radial wavefunction for the incident wave takes the form 

A„(.) = (9.91) 
kr 

It is clear that the actual / = radial wavefunction is similar to the incident / = wavefunction, 
except that it is phase- shifted hy ka. 

Let us consider the low and high energy asymptotic limits of tan 5/. Low energy corresponds 
to /ca <sc 1. In this limit, the spherical Bessel functions and Neumann functions reduce to: 

(kr)^ 



(2/- 1 )!! 
{krf 



rii(kr)^- \, (9.93) 



where nil = « (n - 2) (« - 4) • • • 1. It follows that 
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It is clear that we can neglect 6i, with I > 0, with respect to Sq. In other words, at low energy 

only s-wave scattering (i.e., spherically symmetric scattering) is important. It follows from Equa- 
tions (9.29), (9.70), and (9.89) that 

da ^ sjAka) ^ ^^^^^ 
diJ 

for ka 1. Note that the total cross-section 

o-tot^= d)dQ-^=4na^ (9.96) 

is four times the geometric cross-section n (i.e., the cross-section for classical particles bouncing 
off a hard sphere of radius a). However, low energy scattering implies relatively long wavelengths, 
so we do not expect to obtain the classical result in this limit. 

Consider the high energy limit ka :$> 1. At high energies, all partial waves up to /max = ka 
contribute significantly to the scattering cross-section. It follows from Equation (9.72) that 

<Ttotai = ^ Yj (2/+l)sin^c5,. (9.97) 

With so many / values contributing, it is legitimate to replace sin^ 6i by its average value 1 /2. Thus, 

^totai= 2 ^(2^+l)-27ral (9.98) 

l=0,ka 

This is twice the classical result, which is somewhat surprizing, because we might expect to obtain 
the classical result in the short wavelength limit. For hard sphere scattering, incident waves with 
impact parameters less than a must be deflected. However, in order to produce a "shadow" behind 
the sphere there must be scattering in the forward direction (recall the optical theorem) to produce 
destructive interference with the incident plane wave. In fact, the interference is not completely 
destructive, and the shadow has a bright spot in the forward direction. The eff'ective cross-section 
associated with this bright spot is na^ which, when combined with the cross-section for classical 
reflection, na^, gives the actual cross-section of Ina^. 



9.8 Low Energy Scattering 

At low energies (i.e., when l/k is much larger than the range of the potential) partial waves with 
/ > 0, in general, make a negligible contribution to the scattering cross-section. It follows that, at 
these energies, with a finite range potential, only s-wave scattering is important. 

As a specific example, let us consider scattering by a finite potential well, characterized by 
V - Vq for r < a, and V = for r > a. Here, Vq is a constant. The potential is repulsive for Vq > 0, 
and attractive for Vq < 0. The external wavefunction is given by [see Equation (9.77)] 

Ao(r) = exp( 1 6o) [jo(k r) cos 5q - r]o(k r) sm (JqJ = ; , (9.99) 

kr 
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where use has been made of Equations (9.53)-(9.54). The internal wavefunction follows from 
Equation (9.82). We obtain 

sin(A^ r) 



where use has been made of the boundary condition (9.83). Here, 5 is a consteuit, and 



2m 



Note that Equation (9.100) only applies when E > Vq. For E < Vo> we have 

sinh(/f r) 



(9.100) 



(9.101) 



(9.102) 



where 



2,2 



Va-E = 



2m 



Matching Ao(r), and its radial derivative at r = a, yields 



for E > Vq, and 



tan(^a + 6q) = — tan(^' a) 
k' 



tan(A:a + 6q) = - tanh(/ca) 

K 



(9.103) 



(9.104) 



(9.105) 



for E < Vq. 

Consider an attractive potential, for which E > Vq. Suppose that |Vol » E (i.e., the depth of the 
potential well is much larger than the energy of the incident particles), so that » A:. It follows 
from Equation (9.104) that, unless tan(A' a) becomes extremely large, the right-hand side is much 
less that unity, so replacing the tangent of a small quantity with the quantity itself, we obtain 



ka + 5q - — tan(A' a). 

K 



- 1 



This yields 

6q — ka 

According to Equation (9.97), the scattering cross-section is given by 

l2 



tan(A' a) 
k' a 



o-totai - -j^ sin^ 6q = 4na^ 



tan{k' a) 
(k'a) 



1 



Now, 



k'a = \ Ba^ + 



2m\VQ\a^ 



(9.106) 



(9.107) 



(9.108) 



(9.109) 
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so for sufficiently small values of k a. 



k'a ^ 



2m|Vo|a^ 



(9.110) 



It follows that the total (^-wave) scattering cross-section is independent of the energy of the incident 
particles (provided that this energy is sufficiently small). 

Note that there are values of kfa (e.g., k'a ^ 4.49) at which 6o —> n, and the scattering cross- 
section (9.108) vanishes, despite the very strong attraction of the potential. In reality, the cross- 
section is not exactly zero, because of contributions from / > partial waves. But, at low incident 
energies, these contributions are small. It follows that there are certain values of Vq and k that give 
rise to almost perfect transmission of the incident wave. This is called the Ramsauer-Townsend 
effect, and has been observed experimentally. 

9.9 Resonance Scattering 

There is a significant exception to the independence of the cross-section on energy. Suppose that 
the quantity a/2 m | Vol a^/ff is slightly less than n/2. As the incident energy increases, k'a, which 
is given by Equation (9.109), can reach the value n/2. In this case, tan(^' a) becomes infinite, so 
we can no longer assume that the right-hand side of Equation (9.104) is small. In fact, at the value 
of the incident energy when k'a = n/2, it follows from Equation (9.104) that ka + 6o = 7r/2, or 
So - n/2 (because we are assuming that A: a 1). This implies that 



Note that the cross-section now depends on the energy. Furthermore, the magnitude of the cross- 
section is much larger than that given in Equation (9.108) for k'a n/2 (since ka «. 1). 
The origin of this rather strange behaviour is quite simple. The condition 



is equivalent to the condition that a spherical well of depth Vq possesses a bound state at zero 
energy. Thus, for a potential well that satisfies the above equation, the energy of the scattering 
system is essentially the same as the energy of the bound state. In this situation, an incident particle 
would like to form a bound state in the potential well. However, the bound state is not stable, 
because the system has a small positive energy. Nevertheless, this sort of resonance scattering is 
best understood as the capture of an incident particle to form a metastable bound state, and the 
subsequent decay of the bound state and release of the particle. The cross-section for resonance 
scattering is generally far higher than that for non-resonance scattering. 

We have seen that there is a resonant effect when the phase-shift of the .y-wave takes the value 
n/2. There is nothing special about the / = partial wave, so it is reasonable to assume that there 




(9.111) 




(9.112) 
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is a similar resonance when the phase-shift of the /th partial wave is n/2. Suppose that 6i attains 
the value n/2 at the incident energy Eq, so that 

5i(Eo) = '^. (9.113) 

Let us expand cot 6i in the vicinity of the resonant energy: 

d cot 6i\ ^ , I \ d6i 

— ^ {E-Eo) + --- = -\—^-^. 

Ie=Eo \sin SidEj^^E^ 



coX6i{E) = cotdiiEo) + I I (E-Eo) + ■■■ = -{ -^^-^\ (E - Eo) + ■ ■ ■ . (9.114) 



Defining 

'd6i(E)\ 2 



(9.115) 



we obtain 

cot^K^) = ~(E-Eo) + -- - . (9.1 16) 

Recall, from Equation (9.75), that the contribution of the /th partial wave to the scattering cross- 
section is 

Ajr Ajr 1 

.,= ;^(2;+l)si„^^,= -^(2/.l)^^^. (9.117) 

Thus, 

This is the famous Breit-Wigner formula. The variation of the partial cross-section ct/ with the 
incident energy has the form of a classical resonance curve. The quantity F is the width of the 
resonance (in energy). We can interpret the Breit-Wigner formula as describing the absorption of 
an incident particle to form a metastable state, of energy Eq, and lifetime r = filF. 



Exercises 

9.1 Consider a scattering potential of the form 

V{r) = Vo expi-r'/a^). 
Calculate the differential scattering cross-section, dcr/dQ, using the Born approximation. 

9.2 Consider a scattering potential that takes the constant value Vo for r < R, and is zero for 
r > R, where Vo may be either positive or negative. Using the method of partial waves, 
show that for |Vol E = ff- k^/2m, and kR <sc 1, the diff'erential cross-section is isotropic, 
and that the total cross-section is 

ll6n\m^V^R'' 
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Suppose that the energy is sUghtly raised. Show that the angular distribution can then be 
written in the form 

dcr ^ ^ 

— = A + B cos6. 

dQ 

Obtain an approximate expression for BjA. 
9.3 Consider scattering by a repulsive 5-shell potential: 

V{r) = {^\y6(r-R), 
yimj 

where y > 0. Find the equation that determines the .v-wave phase-shift, 6q, as a function 
of k (where E = fi^k^llm). Assume that y » Rr^, k. Show that if tan(A;/?) is not close 
to zero then the 5-wave phase-shift resembles the hard sphere result discussed in the text. 
Furthermore, show that if tan(^/?) is close to zero then resonance behavior is possible: i.e., 
cot^o goes through zero from the positive side as k increases. Determine the approximate 
positions of the resonances (retaining terms up to order 1/y). Compare the resonant ener- 
gies with the bound state energies for a particle confined within an infinite spherical well 
of radius R. Obtain an approximate expression for the resonance width 

9 

r = - 



{d{coi6o)ldE^E=E, 
Show that the resonances become extremely sharp as y ^ oo. 

9.4 Show that the differential cross-section for the elastic scattering of a fast electron by the 
ground- state of a hydrogen atom is 

dcr ( Im^e^ \^ 16 



dQ \An6o%^q^j \ [4 + (^ao)2]2 



where ^ = |k - k'|, and ao is the Bohr radius. 
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10 Identical Particles 



10.1 Permutation Symmetry 

Consider a system consisting of a collection of identical particles. In classical mechanics, it is, 
in principle, possible to continuously monitor the position of each particle as a function of time. 
Hence, the constituent particles can be unambiguously labeled. In quantum mechanics, on the other 
hand, this is not possible because continuous position measurements would disturb the system. It 
follows that identical particles cannot be unambiguously labeled in quantum mechanics. 

Consider a quantum system consisting of two identical particles. Suppose that one of the 
particles — ^particle 1, say — ^is characterized by the state ket |^). Here, k' represents the eigenvalues 
of the complete set of commuting observables associated with the particle. Suppose that the other 
particle — particle 2 — is characterized by the state ket \k"). The state ket for the whole system can 
be written in the product form 

\k')\k"), (10.1) 

where it is understood that the first ket corresponds to particle 1, and the second to particle 2. We 
can also consider the ket 

W'ym, (10.2) 

which corresponds to a state in which particle 1 has the eigenvalues k", and particle 2 the eigen- 
values k'. 

Suppose that we were to measure all of the simultaneously measurable properties of our two- 
particle system. We might obtain the results k' for one particle, and k" for the other. However, we 
have no way of knowing whether the corresponding state ket is \k') \k") or \k") \k'), or any linear 
combination of these two kets. In other words, all state kets of the form 

ci\k')W'} + C2W'}\k'}, (10.3) 

correspond to an identical set of results when the properties of the system are measured. This 
phenomenon is known as exchange degeneracy. Such degeneracy is problematic because the spec- 
ification of a complete set of observable eigenvalues in a system of identical particles does not 
seem to uniquely determine the corresponding state ket. Fortunately, nature has a way of avoiding 
this difficulty. 

Consider the permutation operator Pn, which is defined such that 

Pn\kf}\kf'} = \k"}\k'). (10.4) 
In other words, Pn swaps the identities of particles 1 and 2. It is easily seen that 



(10.5) 
(10.6) 
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Now, the Hamiltonian of a system of two identical particles must necessarily be a symmetric 
function of each particle's observables (because exchange of identical particles could not possibly 
affect the overall energy of the system). For instance, 

2 2 

H=^ + ^ + VpairdXi - X2I) + yex,(Xi) + yext(X2). (10.7) 

2m 2m 

Here, we have separated the mutual interaction of the two particles from their interaction with an 
external potential. It follows that if 

H\kf}\k"} = E\k'}\k"} (10.8) 

then 

H\k")\k') = E\k")\k'), (10.9) 

where E is the total energy. Operating on both sides of (10.8) with Pn, and making use of Equa- 
tion (10.6), we obtain 

PnHPl^\k')r) = EPn\k!)\k"), (10.10) 

or 

PnHPn\k")m = E\k")\k'} = H\kf'}\k'}, (10.11) 
where use has been made of (10.9). We deduce that 

PnHPn = H, (10.12) 

which implies [from (10.6)] that 

[H,Pn] = 0. (10.13) 

In other words, an eigenstate of the Hamiltonian is a simultaneous eigenstate of the permutation 
operator P12. 

Now, according to Equation (10.6), the permutation operator possesses the eigenvalues +1 and 
-1, respectively. The corresponding properly normalized eigenstates are 

1^' k'\ = iW) \k"} + \k"} \k'}) , (10.14) 
V2 

and 

\k' r)_ = ^ (1^) \k") - \k") \k')) . (10.15) 

Here, it is assumed that {k'\k") = 6k' k"- Note that \k' is symmetric with respect to interchange 
of particles — i.e., 

\k" k'}+ = +\k' k")^, (10.16) 
whereas \k' k")- is antisymmetric — i.e., 

\k"k')_ = -\k'k")_. (10.17) 
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Let us now consider a system of three identical particles. We can represent the overall state ket 

as 

\k'k"k"'), (10.18) 

where k', k", and k'" are the eigenvalues of particles 1, 2, and 3, respectively. We can also define 
the two-particle permutation operators 

Pi2 W kf' k'") = \k" k' k'"), (10. 19) 

P23 \k: kf' k'") = \k' kf" kf'}, (10.20) 

P31 \k' kf' k'") = \k"' k" k'). (10.21) 



It is easily demonstrated that 



P21 = Pn, (10.22) 
P32 = P23, (10.23) 
Pi3 = P3U (10.24) 



and 



Pu = h (10.25) 
PI3 = 1, (10.26) 
P^^ = 1. (10.27) 

As before, the Hamiltonian of the system must be a symmetric function of the particle's observ- 
ables: i.e., 

H \k' k" k'") = E \k' k" k'"), (10.28) 

H \k" k'" k') = E \k" kf" kf), (10.29) 

H \kf" kfkf') = E \k'" k' k"), (10.30) 

H\kf' k' k'") = E \k" k' kf"), (10.31) 

H \kf kf" kf') = E \k' k'" k"), (10.32) 

H \kf" kf' k') = E \k'" k" k), (10.33) 

where E is the total energy. Using analogous arguments to those employed for the two-particle 
system, we deduce that 

{H, P,2\ = [H, P23] = [H, Pn] = 0. (10.34) 

Hence, an eigenstate of the Hamiltonian is a simultaneous eigenstate of the permutation operators 
Pn, P23, and P31. However, according to Equations (10.25)-(10.27), the possible eigenvalues of 
these operators are +1. 
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Let us define the cyclic permutation operator P123, where 

P123 \k' k" k'") = \k"' k' k"). (10.35) 

It follows that 

^123 = P\2 P31 = P23 P\2 = P31 Pli- (10.36) 
It is also clear from Equations (10.28) and (10.33) that 

[//,Pi23] = 0. (10.37) 

Thus, an eigenstate of the Hamiltonian is a simultaneous eigenstate of the permutation operators 

Pn, P23, P31, and P123. Let An, /I23, /I31 and A123 represent the eigenvalues of these operators, 
respectively. We know that A12 = +1, A23 = +1, and A^i = +1. Moreover, it follows from (10.36) 
that 

Am = ^12^31 = A23A12 = A^i A23. (10.38) 

The above equations imply that 

^123 = +1, (10.39) 

and either 

An = A23 = An = +1, (10.40) 

or 

^12 = ^23 = ^31 = -1. (10.41) 

In other words, the multi-particle state ket must be either totally symmetric, or totally antisym- 
metric, with respect to swapping the identities of any given pair of particles. Thus, in terms of 
properly normalized single particle kets, the properly normalized totally symmetric and totally 
antisymmetric kets are 

\k' k" k"% = (\k') \k") \k"') + \k"') \k') \k") + \k") \k"') \k') 

+\k"'} \k"} \kf} + \k'} \k"'} \k"} + \k"} \k'} \k"'}) , (10.42) 

and 

\k' k" k'")- = {\k') \k") \k"') + \k"'} \k') \k") + \k") \k"') \k') 

-\k"'} \k"} m - \k'} \k"'} r ) - r ) i^) , (10.43) 

respectively. 

The above arguments can be generalized to systems of more than three identical particles in a 
straightforward manner. 
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10.2 Symmetrization Postulate 

We have seen that the exchange degeneracy of a system of identical particles is such that a specifi- 
cation of a complete set of observable eigenvalues does not uniquely determine the corresponding 
state ket. However, we have also seen that there are only two possible state kets: i.e., a ket that is 
totally symmetric with respect to particle interchange, or a ket that is totally antisymmetric. It turns 
out that systems of identical particles possessing integer-spin (e.g., spin 0, or spin 1) always choose 
the totally symmetric ket, whereas systems of identical particles possessing half -integer-spin (e.g., 
spin 1/2) always choose the totally antisymmetric ket. This additional piece of information ensures 
that the specification of a complete set of observable eigenvalues of a system of identical particles 
does, in fact, uniquely determine the corresponding state ket. 

Systems of identical particles whose state kets are totally symmetric with respect to particle 
interchange are said to obey Bose-Einstein statistics. Moreover, such particles are termed bosons. 
On the other hand, systems of identical particles whose state kets are totally antisymmetric with 
respect to particle interchange are said to obey Fermi-Dime statistics, and the constituent particles 
are called fermions. In non-relativistic quantum mechanics, the rule that all integer-spin particles 
are bosons, whereas all half-integer spin particles are fermions, must be accepted as an empirical 
fact. However, in relativistic quantum mechanics, it is possible to prove that half-integer-spin 
particles cannot be bosons, and integer-spin particles cannot be fermions. Incidentally, electrons, 
protons, and neutrons are all fermions. 

The Pauli exclusion principle is an immediate consequence of the fact that electrons obey 
Fermi-Dirac statistics. This principle states that no two electrons in a multi-electron system can 
possess identical sets of observable eigenvalues. For instance, in the case of a three-electron sys- 
tem, the state ket is [see Equation (10.43)] 

\k' k" k'")- = iW) W) \k"') + W") \k') \k") + \k") \k"') W) 

-\k"') \k") \k') - \k') \k"') \k") - \k") \k'} \k"')) . (10.44) 

Note, however, that 

\k' k' k'") = \k' k" k") = \k"' k" k'") = |0). (10.45) 

In other words, if two of the electrons in the system possess the same set of observable eigenvalues 
then the state ket becomes the null ket, which corresponds to the absence of a state. 

10.3 Two-Electron System 

Consider a system consisting of two electrons. Let xi and Si represent the position and spin 
operators of the first electron, respectively, and let X2 and S2 represent the corresponding operators 
for the second electron. Furthermore, let S = Si + S2 represent the total spin operator for the 
system. Suppose that the Hamiltonian commutes with S^, as is often the case. It follows that 
the state of the system is specified by the position eigenvalues Xj and x'^, as well as the total spin 
quantum numbers s and m. As usual, the eigenvalue of is 5 (5 -1- 1) tf-, and the eigenvalue of 
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is m fi. Moreover, s, m can only takes the values 1, 1 or 1, or 1, -1 or 0, 0. (See Chapter 6.) The 
overall wavefunction of the system can be written 

(^(x'l, Xj; s, m) = (p(x\, ii'2)x(s, m), (10.46) 

where 

X{h\)=X.X., (10.47) 

;r(l,0) =^ix.X- +X-X.\ (10.48) 

X{\,-\)=X-X-, (10.49) 

;r(0,0) = ^ ix^x- -X-X.y (10.50) 
SI 

Here, the spinor;^+;^_ denotes a state in which m\ = 1/2 and m2 = -1/2, etc., where mi H and 
m2 ^ are the eigenvalues of 5 and S2z, respectively. The three 5=1 spinors are usually referred 
to as triplet spinors, whereas the single ^ = spinor is called the singlet spinor. Note that the 
triplet spinors are all symmetric with respect to exchange of particles, whereas the singlet spinor is 
antisymmetric. 

Fermi-Dirac statistics requires the overall wavefunction to be antisymmetric with respect to 
exchange of particles. Now, according to (10.46), the overall wavefunction can be written as a 
product of a spatial wavefunction and a spinor. Moreover, when the system is in the spin triplet 
state (i.e., 5=1) the spinor is symmetric with respect to exchange of particles. On the other hand, 
when the system is in the spin singlet state (i.e., 5 = 0) the spinor is antisymmetric. It follows that, 
to mciintain the overeill antisymmetry of the wavefunction, the triplet spatial wavefunction must be 
antisymmetric with respect to exchange of particles, whereas the singlet spatial wavefunction must 
be symmetric. In other words, in the spin triplet state, the spatial wavefunction takes the form 

0(x;, x^) = 4= Wa{A) ojb{^2) - ^^b(x'i) ojAiA)] ' (10.51) 
V2 

whereas in the spin singlet state the spatial wavefunction is written 

0(x;, x^) = \ [a>A(x'i) oJeiA) + ^b{A) ^^AiA)] ■ (10.52) 

The probability of observing one electron in the volume element (fxi around position xi, and the 
other in the volume element d^X2 around position X2, is |0(xi, X2)| ^ cPxi cPx2, or 

i {|a>A(xi)| ^ \ojb{x2)\ ^ + \o)a{^2)\ ^ \ojb{^i)\ ^ + 2 Re [6Ja(xi) ojb{^i) ojH^i) i^B(Xl)]) d^xi £X2. 

(10.53) 

Here, the plus sign corresponds to the spin singlet state, whereas the minus sign corresponds to the 
spin triplet state. We can immediately see that in the spin triplet state the probability of finding the 



Identical Particles 



167 



two electrons at the same point in space is zero. In other words, the two electrons have a tendency 
to avoid one another in the triplet state. On the other hand, in the spin singlet state there is an 
enhanced probability of finding the two electrons at the same point in space, because of the final 
term in the previous expression. In other words, the two electrons are attracted to one another in 
the singlet state. Note, however, that the spatial probability distributions associated with the singlet 
and triplet states only differ substantially when the two single particle spatial wavefunctions cl»a(x) 
and 6t>B(x) overlap: i.e., when there exists a region of space in which the two wavefunctions are 
simultaneously nonnegligible. 



10.4 Helium Atom 



Consider the helium atom, which is a good example of a two-electron system. The Hamiltonian is 
written 

H = + + , (10.54) 

2mi Zm2 ^nean 4neor2 AneQVn 

where Z = 2, ri = |xi|, r2 = |x2|, and ri2 = |xi - X2I. Suppose that the final term on the right-hand 

side of the above expression were absent. In this case, the overall spatial wavefunction can be 

formed from products of hydrogen atom wavefunctions calculated with Z = 2, instead of Z = 1. 

Each of these wavefunctions is characterized by the usual triplet of quantum numbers, n, I, and m. 

Now, the total spin of the system is a constant of the motion (since S obviously commutes with the 

Hamiltonian), so the overall spin state is either the singlet or the triplet state. The corresponding 

spatial wavefunction is symmetric in the former case, and antisymmetric in the latter. Suppose that 

one electron has the quantum numbers n, I, m whereas the other has the quantum numbers n' ,/', 

m'. The corresponding spatial wavefunction is 

<p(Xi, X2) = [(^n/m(Xl) ^n'Vm'i^l) ± ^nlmi^l) ^n'l'm'i^l)] , (10.55) 

V2 

where the plus and minus signs correspond to the singlet and triplet spin states, respectively. Here, 
ij/nimi^) is a Standard hydrogen atom wavefunction (calculated with Z = 2). For the special case in 
which the two sets of spatial quantum numbers, n, I, m and n' ,1' ,m', are the same, the triplet spin 
state does not exist (because the associated spatial wavefunction is null). Hence, only singlet spin 
state is allowed, and the spatial wavefunction reduces to 

0(Xi, X2) = ll/nlmi^l) tj^nlmi^l)- (10.56) 

In particular, the ground state (n = n' = I, I = 1' = 0, m = m' = 0) can only exist as a singlet spin 
state (i.e., a state of overall spin 0), £ind has the spatial wavefunction 



Z' 

0(xi,X2) = (/'ioo(xi)(Aioo(x2) = — T exp 



-Z(n+r2) 

Oq 



(10.57) 



where oq is the Bohr radius. This follows because 



i/rmix) = ^ (-) 2 exp l^] . (10.58) 
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The energy of this state is 



£ = 2 £() = - 108.8 eV, (10.59) 



where Eq = -13.6 eV is the ground state energy of a hydrogen atom. In the above expression, the 
factor of 2 comes from the fact that there are two electrons in a helium atom. 

The above estimate for the ground state energy of a helium atom completely ignores the final 
term on the right-hand side of Equation (10.54), which describes the mutual interaction between 
the two electrons. We can obtain a better estimate for the ground state energy by treating (10.57) 
as the unperturbed wavefunction, and e^/{4n€o ri2) as a perturbation. According to standard first- 
order perturbation theory, the correction to the ground state energy is 



JE = I — \ = ( r d^xi d^X2 ^ exp 

\4n€ori2 J J n^a^ 



-2Z{n + r2) 
ao 



An €q ri2 



(10.60) 



This can be written 



7Tr[ = ^- \— 3- exp -2 Z — , (10.61) 



since Eq = -e^/(Sn eouo). Now, 

=0,00 



— = ,2^2 ^ = E ^/(cosr), (10.62) 

ri2 {r( + r^-2 n r2 cos yY'^ ^ r^+i 



where r> (r<) is the larger (smaller) of ri and r2, and y is the angle subtended between Xi and X2. 
Moreover, the so-called addition theorem for spherical harmonics states that 

^/(C0S7)=^^ Z 0^i'^i)^'/'n(^2'^2). (10.63) 

m=-/,+/ 



However, 



SO we obtain 



J dQYi,„(9,(P)= ^5iq6,„q, (10.64) 



^ = 32Z r dx, xl { r dx2 i e-2(^>"^^> + r dx2 X2 e-'(^>"^^^ 
l^ol Jo \Jo Xl J^j 



5Z _ 5 
X " 2' 



(10.65) 



Here, JCi = Zri/ao and X2 = Zr2/ao, and Z = 2. Thus, our improved estimate for the ground state 
energy of the helium atom is 

£: = |8-^|£:o = -74.8eV. (10.66) 



2, 

This is much closer to the experimental value of -78.8 eV than our previous estimate 



Identical Particles 



169 



Consider an excited state of the helium atom in which one electron is in the ground state, while 
the other is in a state characterized by the quantum numbers n, I, m. We can write the energy of 
this state as 

E = Z^ £100 + Enim + AE, (10.67) 

where E^i^ is the energy of a hydrogen atom electron whose quantum numbers are n, I, m. Accord- 
ing to first-order perturbation theory, AE is the expectation Vcilue of e^/(47T6o r^)- It follows from 
(10.55) (with n,l,m= 1, 0, and n', I', m' = n, I, m) that 



AE = I±J, (10.68) 



where 



g2 

d'x2 |^ioo(xi)|' |^/^„/.(x2)|' , (10.69) 



J= I dhi I J^:c2 ^ioo(xi) iAn/m(x2) ^ ^1*00(^2) ^^*/^(xi). (10.70) 

J J 4;r 60 ri2 

Here, the plus sign in (10.68) corresponds to the spin singlet state, whereas the minus sign corre- 
sponds to the spin triplet state. The integral / — which is known as the direct integral — is obviously 
positive. The integral J — which is known as the exchange integral — can be shown to also be posi- 
tive. Hence, we conclude that in excited states of helium the spin singlet state has a higher energy 
than the spin triplet state. Incidentally, helium in the spin singlet state is known as para-helium, 
whereas helium in the triplet state is called ortho-helium. As we have seen, for the ground state, 
only para-helium is possible. 

The fact that para-helium energy levels lie slightly above corresponding ortho-helium levels 
is interesting because our original Hamiltonian does not depend on spin. Nevertheless, there is a 
spin dependent effect — i.e., a helium atom has a lower energy when its electrons possess parallel 
spins — as a consequence of Fermi-Dirac statistics. To be more exact, the energy is lower in the spin 
triplet state because the corresponding spatial wavefunction is antisymmetric, causing the electrons 
to tend to avoid one another (thereby reducing their electrostatic repulsion). 

Exercises 

10.1 Demonstrate that the particle interchange operator, P12, in a system of two identical parti- 
cles is Hermitian. 

10.2 Consider two identical spin-1/2 particles of mass m confined in a cubic box of dimension 
L. Find the possible energies and wavefunctions of this system in the case of no interaction 
between the particles. 

10.3 Consider a system of two spin-1 particles with no orbital angular momentum (i.e., both 
particles are in s-states). What are the possible eigenvalues of the total spin angular mo- 
mentum of the system, as well as its projection along the z-direction, in the cases in which 
the particles are non-identical and identical? 
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11 Relativistic Electron Theory 



11.1 Introduction 

The aim of this chapter is to develop a quantum mechanical theory of electron dynamics that is 
consistent with special relativity. Such a theory is needed to explain the origin of electron spin 
(which is essentially a relativistic effect), and to account for the fact that the spin contribution to 
the electron's magnetic moment is twice what we would naively expect by analogy with (non- 
relativistic) classical physics (see Section 5.5). Relativistic electron theory is also required to fully 
understand the fine structure of the hydrogen atom energy levels (recall, from Section 7.7, and 
Exercises 7.3 and 7.4, that the modification to the energy levels due to spin-orbit coupling is of 
the same order of magnitude as the first-order correction due to the electron's relativistic mass 
increase.) 

In the following, we shall use , x^, x^ to represent the Cartesian coordinates x, y, z, respec- 
tively, and x" to represent c t. The time dependent wavefunction then takes the form ij/ixP, x^,x^,x^). 
Adopting standard relativistic notation, we write the four jc's as x^, for ijl = Q,\, 2, 3. A space-time 
vector with four components that transforms under Lorentz transformation in an analogous manner 
to the four space-time coordinates x'^ is termed a 4-vector, and its components are written like 
(i.e., with an upper Greek suffix). We can lower the suffix according to the rules 

ao = a°, (11.1) 

ai = -a\ (11-2) 

a2 = -a^, (11-3) 

a3 = -a\ (11.4) 

Here, the are called the contravariant components of the vector a, whereas the are termed 
the covariant components. Two 4- vectors and have the Lorentz invariant scalar product 

- - - = = af.b^', (11.5) 

a summation being implied over a repeated letter suffix. The metric tenor g^^y is defined 



9oo = 


1, 


(11.6) 


gn = 


-1, 


(11.7) 


922 = 


-1, 


(11.8) 


933 = 


-1, 


(11.9) 



with all other components zero. Thus, 

y 



(11.10) 
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Likewise, 

a'' = g^"'ay, (11.11) 

where = I, g^^ = g^^ = g^^ = -I, with all other components zero. Finally, gy = g y = 1 if 
11 = V, and Qy = g^y = otherwise. 

In the Schrodinger representation, the momentum of a particle, whose components are written 
Px, Py, Pz, or p^, p^, p^, is represented by the operators 

pi = -in—, (11.12) 

for / = 1, 2, 3. Now, the four operators d/dx^ form the covariant components of a 4-vector whose 
contravariant components are written dldx^. So, to make expression (11.12) consistent with rela- 
tivistic theory, we must first write it with its suffixes balanced, 

P' = i^^, (11.13) 

OXi 

and then extend it to the complete 4-vector equation 

p^ = in—. (11.14) 

ox„ 

According to standard relativistic theory, the new operator p^ = ihd/dxo, which forms a 4-vector 
when combined with the momenta p', is interpreted as the energy of the particle divided by c, 
where c is the velocity of light in vacuum. 



11.2 Dirac Equation 

Consider the motion of an electron in the absence of an electromagnetic field. In classical relativity, 
electron energy, E, is related to electron momentum, p, according to the well-known formula 

- = (p^ + mlcy\ (11.15) 
c 

where is the electron rest mass. The quantum mechanical equivalent of this expression is the 
wave equation 

[/ - (P' P' +P^P^ + P' P' + ml cY^] (A = 0, (11.16) 

where the p's are interpreted as diff'erential operators according to Equation (11.14). The above 
equation takes into account the correct relativistic relation between electron energy and momen- 
tum, but is nevertheless unsatisfactory from the point of view of relativistic theory, because it is 
highly asymmetric between and the other p's. This makes the equation difficult to generalize, 
in a manifestly Lorentz invariant manner, in the presence of an electromagnetic field. We must 
therefore look for a new equation. 
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If we multiply the wave equation (11. 16) by the operator j^p" + (p^ + p^ p^ + p^ p^ + mlc^y^^^ 
then we obtain 



[p^p^ -p^ p^ - p^ p^ - p^ p^ + mlc^^i/f = (p^ Pi^ + m]c^^il/. 



(11.17) 



This equation is manifestly Lorentz invariant, and, therefore, forms a more convenient starting 
point for relativistic quantum mechanics. Note, however, that Equation (11.17) is not entirely 

equivalent to Equation (11.16), because, although every solution of (11.16) is also a solution of 
(11.17), the converse is not true. In fact, only those solutions of (11.17) belonging to positive 
values of are also solutions of (11.16). 

The wave equation (11.17) is quadratic in p^, and is thus not of the form required by the laws 
of quantum theory. (Recall that we showed, from general principles, in Chapter 3, that the time 
evolution equation for the wavefunction should be linear in the operator d/dt, and, hence, in p^.) 
We, therefore, seek a wave equation that is equivalent to (11.17), but is linear in In order 
to ensure that this equation transforms in a simple way under a Lorentz transformation, we shall 
require it to be rational and linear in p^ , p^, ,d& well as p^. We are thus lead to a wave equation 
of the form 

(/ -aip^ - a2 p^ -a^p^ -finiecji/f = 0, (11.18) 

where the a's and are dimensionless, and independent of the p's. Moreover, according to standard 
relativity, because we are considering the case of no electromagnetic field, all points in space-time 
must be equivalent. Hence, the c's and JS must also be independent of the x's. This implies that the 
a's and /3 commute with the ;?'s and the x's. We, therefore, deduce that the a's and /3 describe an 
internal degree of freedom that is independent of space-time coordinates. Actually, we shall show 
later that these operators are related to electron spin. 

Multiplying (11.18) by the operator p^ + ai p^ + p^ + a^p^ +fime c, we obtain 



/ / - ^ 2 {^i, aj} P' P^ - 2 P' rriec-p^ m] 



1/^ = 0, 



(11.19) 



i,j=l,3 1=1,3 

where {a,b} = ab + ba. This equation is equivalent to (1 1.17) provided that 

[ai,aj} = 16ij, 
[auli] = 0, 

for /, j = 1, 3. It is helpful to define the 7^, for // = 0, 3, where 

at = / y. 



(11.20) 

(11.21) 
(11.22) 

(11.23) 
(11.24) 



for «■ = 1, 3. Equations (11.20)-( 11.22) can then be shown to reduce to 



(11.25) 
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One way of satisfying the above anti-commutation relations is to represent the operators y'^ as 
matrices. However, it turns out that the smallest dimension in which the can be realized is four. 
In fact, it is easily verified that the 4 x 4 matrices 

/ = (;_°). (11.26) 
^' = (-.!''o)' 

for / = 1,3, satisfy the appropriate anti-commutation relations. Here, and 1 denote 2x2 null 
and identity matrices, respectively, whereas the cr, represent the 2x2 Pauli matrices introduced in 
Section 5.7. It follows from (1 1.23) and (1 1.24) that 

fi = [l (11.28) 
ai = \ ^ "^^1. (11.29) 



o-i 

Note that y^, yS, and the or,, are all Hermitian matrices, whereas the y'', f or fj. = 1,3, are anti- 
Hermitian. However, the matrices 7° 7^, for // = 0, 3, are Hermitian. Moreover, it is easily demon- 
strated that 

y^'f=yO^MyO^ (11.30) 

for ju = 0, 3. 

Equation (11.18) can be written in the form 

(y''Pf,-mec)il/ = (iny^'d^-mec)il/ = 0, (11.31) 

where = d/dx^. Alternatively, we can write 

= (ca-p + BmeC^)it, (11.32) 

ot 

where p = (px, Py, Pz) = (p^ , p^, p^), and a is the vector of the or,- matrices. The previous expression 
is known as the Dirac equation. Incidentally, it is clear that, corresponding to the four rows and 
columns of the y^ matrices, the wavefunction i/f must take the form of a 4 x 1 column matrix, 
each element of which is, in general, a function of the x^. We saw in Section 5.7 that the spin 
of the electron requires the wavefunction to have two components. The reason our present theory 
requires the wavefunction to have four components is because the wave equation (1 1.17) has twice 
as many solutions as it ought to have, half of them corresponding to negative energy states. 

We can incorporate an electromagnetic field into the above formalism by means of the standard 
prescription E ^ E + e (p, and p' ^ p' + e A', where e is the magnitude of the electron charge, (p 
the scalar potential, and A the vector potential. This prescription can be expressed in the Lorentz 
invariant form 

pi" ^ p" + -0^", (11.33) 
c 
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where cP^ = {(p,cA) is the potential 4-vector. Thus, Equation (1 1.31) becomes 



m» c 



whereas Equation (11.32) generalizes to 



7^ (indf, + -^0f^-meC 



^ = 0, 



i/z — = \-e(p + ca- (p + eA) +/3meC \ tj/ = 0. 



dt 

If we write the wavefunction in the spinor form 



(11.34) 



(11.35) 



<^3 



(11.36) 



then the Hermitian conjugate of Equation (11.35) becomes 



-i fi = ij/^ [-e + c or • (p + e A) + yS mg j = 0, 



where 



(11.37) 



(11.38) 



Here, use has been made of the fact that the or, and p are Hermitian matrices that commute with 

the p' and A'. 

It follows from i/r^ times Equation (1 1.34) that 



Me C 



The Hermitian conjugate of this expression is 



(-i;j5^-^0^)/y''-m,c7° 



(A = 0. 



(A = 0, 



(11.39) 



(11.40) 



where now acts backward on t/r^, and use has been made of the fact that the matrices y^ and 
7° are Hermitian. Taking the difference between the previous two equation, we obtain 



where 

Writing = (cp,j), where 



f = cil/^ y^y^ iff. 



P = (A V> 

y = cif/^ y^ Y ij/ = ij/^ c ai ij/. 



(11.41) 
(11.42) 

(11.43) 
(11.44) 
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Equation (11.41) becomes 

^+V-j = 0. (11.45) 

The above expression has the same form as the non-relativistic probability conservation equation 
(3.65). This suggests that we can interpret the positive definite real scalar field p(x,t) = as 
the relativistic probability density, and the vector field j(x, t) as the relativistic probability current. 
Integration of the above expression over all space, assuming that |i/r(x, t)\ ^ as |x| oo, yields 



d_ r 
dtj ' 



d'xp(x,t) = 0. (11.46) 
This ensures that if the wavefunction is properly normalized at time t = 0, such that 

dhp(x,0) = l, (11.47) 



then the wavefunction remains properly normalized at all subsequent times, as it evolves in accor- 
dance with the Dirac equation. In fact, if this were not the case then it would be impossible to 
interpret p as a probability density. Now, relativistic invariance demands that if the wavefunction 
is properly normalized in one particular inertial frame then it should be properly normalized in 
all inertial frames. This is the case provided that Equation (11.41) is Lorentz invariant (i.e., if it 
has the property that if it holds in one inertial frame then it holds in all inertial frames), which 
is true as long as the transform as the contravariant components of a 4-vector under Lorentz 
transformation (see Exercise 11.4). 

11.3 Lorentz Invariance of Dirac Equation 

Consider two inertial frames, S and 5". Let the and x^' be the space-time coordinates of a given 
event in each frame, respectively. These coordinates are related via a Lorentz transformation, 
which takes the general form 

x'''=a^'^x\ (11.48) 
where the a ^ are real numerical coefficients that are independent of the x^. We also have 



Now, since [see Equation (11.5)] 
it follows that 

Moreover, it is easily shown that 



x,,=a;x,. (11.49) 

x^' x,,^ = x" Xj,, (11.50) 
<< = ^/. (11.51) 



x^ = a/x^ (11.52) 



Xn = Xyi. (11.53) 
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By definition, a 4- vector has analogous transformation properties to the x^. Thus, 



(11.54) 
(11.55) 



etc. 



In frame 5 , the Dirac equation is written 



Y 



nif. c 



1/^ = 0. 



Let i/r' be the wavefunction in frame S'. Suppose that 



(11.56) 



(11.57) 



where A is a 4 x 4 transformation matrix that is independent of the x'^. (Hence, A commutes with 
the p^ and the 0^.) Multiplying (1 1.56) by A, we obtain 



Ay^A-'[p,-'-0,)- 



m„ c 



i/r' = 0. 



Hence, given that the p^i and cP^ are the covariant components of 4-vectors, we obtain 

e 



0y' \-meC 



Ay^A-'a\(py-'-<P,)l 

Ay>'A-^a\ = y\ 



ij/' = 0. 



Suppose that 
which is equivalent to 

A-^y'A = a\y''. 

Here, we have assumed that the a^^ commute with A and the y^ (since they cire just numbers). If 
(11.60) holds then (11.59) becomes 



(11.58) 

(11.59) 

(11.60) 
(11.61) 



m„ c 



<A' = 0. 



(11.62) 



A comparison of this equation with (1 1.56) reveals that the Dirac equation takes the same form in 
frames S and 5'. In other words, the Dirac equation is Lorentz invariant. Incidentally, it is clear 
from (11.56) and (11.62) that the y*^ matrices are the same in all inertial frames. 

It remains to find a transformation matrix A that satisfies (11.61). Consider an infinitesimal 
Lorentz transformation, for which 

a; = ^;+zl<, (11.63) 

where the zlo)^^ are real numerical coefficients that are independent of the x^, and are also small 
compared to unity. To first order in small quantities, (11.51) yields 



(11.64) 
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Let us write 

A = l-^o-^y/lco^\ (11.65) 
where the cr^y are 0(1) 4x4 matrices. To first order in small quantities, 

A-^ = l + ^o-^yJco^\ (11.66) 
Moreover, it follows from (1 1.64) that 

i^//v = -O'y/z- (11.67) 
To first order in small quantities, Equations (11.61), (11.63), (11.65), and (11.66) yield 

= -'-J(o"^(r(ra^ - CTapf) . (11.68) 
Hence, making use of the symmetry property (11.64), we obtain 

Aaj"l'{g\yp - g^'^y,) = -^^Au"'' {f a^p - a^pf), (11.69) 

where = gixyj"- Since this equation must hold for arbitrary Aaf^, we deduce that 

2i(/ar^ - g^pja) = [r\o-,pl (ii.vo) 

Making use of the anti-commutation relations (11.25), it can be shown that a suitable solution of 
the above equation is 

o-i,y = ^[y/^,yy]. (11.71) 



Hence, 



A = l + ^[y^,yy]Aoj''\ (11.72) 



A-' = l-^[y„yy]Aco^\ (11.73) 



Now that we have found the correct transformation rules for an infinitesimal Lorentz transforma- 
tion, we can easily find those for a finite transformation by building it up from a large number of 
successive infinitesimal transforms. 

Making use of (1 1.30), as well as 7° y" = 1, the Hermitian conjugate of (1 1.72) can be shown 
to take the form 

At = 1 - 1/ [y^,y^]yOj^f.y ^ ^0^-1^0 (jj 74) 

Hence, (11.61) yields 

AtyV^ = <//- (11-75) 
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It follows that 

^/rUVV^'A = «v^W>> (11.76) 

or 

il/'^ 7° 7^ i/r' = a^^ f f i//, (1 1.77) 

which implies that 

/' = <r, (11.78) 

where the are defined in Equation (1 1.42). This proves that the transform as the contravariant 
components of a 4-vector. 

11.4 Free Electron Motion 

According to Equation (11.32), the relativistic Hamiltonian of a free electron takes the form 

H = ca -p+finieC^. (11.79) 

Let us use the Heisenberg picture to investigate the motion of such an electron. For the sake of 
brevity, we shall omit the suffix t that should be appended to dynamical variables that vary in time, 
according to the formalism of Section 3.2. 

The above Hamiltonian is independent of x. Hence, momentum p commutes with the Hamil- 
tonian, and is therefore a constant of the motion. The x component of the velocity is 

x=^^^ =cau (11.80) 
in 

where use has been made of the standard commutation relations between position and momentum 
operators. This result is rather surprising, since it implies a relationship between velocity and 
momentum that is quite different from that in classical mechanics. This relationship, however, is 
clearly connected to the expression = ^^c a\ i/f for the jc component of the probability current. 
The operator x, specified in the above equation, has the eigenvalues +c, corresponding to the 
eigenvalues +1 of ^i. Since y and z are similar to i, we conclude that a measurement of a velocity 
component of a free electron is certain to yield the result +c. As is easily demonstrated, this 
conclusion also holds in the presence of an electromagnetic field. 

Of course, electrons are often observed to have velocities considerably less than that of light. 
Hence, the previous conclusion seems to be in conflict with experimental observations. The conflict 
is not real, however, because the theoretical velocity discussed above is the velocity at one instance 
in time, whereas observed velocities are always averages over a finite time interval. We shall 
find, on further examination of the equations of motion, that the velocity of a free electron is not 
constant, but oscillates rapidly about a mean value that agrees with the experimentally observed 
value. 

In order to understand why a measurement of a velocity component must lead to the result 
±c in a relativistic theory, consider the following argument. To measure the velocity we must 
measure the position at two slightly different times, and then divide the change in position by 
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the time interval. (We cannot just measure the momentum and then apply a formula, because 
the ordinary connection between velocity and momentum is no longer valid.) In order that our 
measured velocity may approximate to the instantaneous velocity, the time interval between the 
two measurements of position must be very short, and the measurements themselves very accurate. 
However, the great accuracy with which the position of the electron is known during the time 
interval leads to an almost complete indeterminacy in its momentum, according to the Heisenberg 
uncertainty principle. This means that almost all values of the momentum are equally likely, so that 
the momentum is almost certain to be infinite. But, an infinite value of a momentum component 
corresponds to the values +c for the corresponding velocity component. 
Let us now examine how the election velocity varies in time. We have 

ifiai = aiH - Hai. (11.81) 

Now ai anti-commutes with all terms in H except caip^, so 

a\ H + H ai = a\ca\p^ + c ai a\ =2c p^ . (11.82) 

Here, use has been made of the fact that ai commutes with p^, and also that = \. Hence, we 
get 

\Tiai=2aiH-2cp\ (11.83) 
Since H and p^ are consteints of the motion, this equation yields 

iha^=2aiH, (11.84) 

which can be integrated to give 

di(0 = Qri(O) expl 1 . (11.85) 
It follows from Equation (11 .80) and (1 1 .83) that 

x(t) = cai(t) = — Qri(O) expl — - — jH'^ +c^ p^H'K (11.86) 

and 

jc(0 = 40)- — Qri(O) expl — - — \h-^ + p^H'^ t. (11.87) 

We can see that the x-component of velocity consists of two parts, a constant part, p^H'^, 
connected with the momentum according to the classical relativistic formula, and an oscillatory 
part whose frequency, 2H/h, is high (being at least 2meC^/h). Only the constant part would be 
observed in a practical measurement of velocity (i.e., an average over a short time interval that is 
still much longer than h/2 c^). The oscillatory part ensures that the instantaneous value of x has 
the eigenvalues ±c. Note, finally, that the oscillatory part of x is small, being of order n/nie c. 



r' = | ? ! h (11-91) 
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11.5 Electron Spin 

According to Equation (11.35), the relativistic Hamiltonian of an electron in an electromagnetic 
field is 

H = -e(p + ca-(p + eA)+fimeC^. (11.88) 

Hence, 

— + = [a-(p + eA)+fimec]^ = [a-(p + eA)]^ + mjc^, (11.89) 
where use has been made of Equations (11.21) and (11.22). Now, we can write 

ai = y'^i, (11.90) 

for / = 1,3, where 

, 1 
and 

Here, and 1 denote 2x2 null and identity matrices, respectively, whereas the cr, are conventional 
2x2 Pauli matrices. Note that = 1, and 

[r',2,]=0. (11.93) 

It follows from (1 1.89) that 

l^ + ^^j =[L-(p + eA)]^ + m^c\ (11.94) 

Now, a straightforward generalization of Equation (5.92) gives 

(i:-a)(2:-b) = a-b + i2:-(axb), (11.95) 
where a and b are any two three-dimensional vectors that commute with E. It follows that 

[L-ip + eA)]^ = (p + eA)2 + ii:-(p + eA)x(p + eA). (11.96) 

However, 

(p-l-eA)x(p-l-eA) = epxA-l-eAxp = -ieHVxA -iehA x V = -ie^B, (11.97) 
where B = V x A is the magnetic field strength. Hence, we obtain 

l^ + ^^j =(p + eAf + m^c^ + enj:-B. (11.98) 
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Consider the non-relativistic limit. In this case, we can write 

H = meC^ + 6H, (11.99) 

where 6H is small compared to m^c^. Substituting into (11.98), and neglecting 6H^, and other 
terms involving c~^, we get 

6H ^ -e(f>+ -^(p + eAf + ^J:-B. (11.100) 

2me 2 trie 

This Hamiltonian is the same as the classical Hamiltonian of a non-relativistic electron, except 
for the final term. This term may be interpreted as arising from the electron having an intrinsic 
magnetic moment 

n = -^i:. (11.101) 

2 me 

In order to demonstrate that the electron's intrinsic magnetic moment is associated with an 
intrinsic angular momentum, consider the motion of an electron in a central electrostatic potential: 
i.e., (p = (j){r) and A = 0. In this case, the Hamiltonian (11.88) becomes 

H = -e(p(r) + cy^i:-p+PmeC^. (11.102) 

Consider the x component of the electron's orbital angular momentum, 

= i/Pz-z/?!/ = (11.103) 

The Heisenberg equation of motion for this quantity is 

inL, = [L„H]. (11.104) 

However, it is easily demonstrated that 

[L,,r] = 0, (11.105) 

[L„p,] = 0, (11.106) 

[L,,py] = inp„ (11.107) 

[L,,p,] = -inpy. (11.108) 



Hence, we obtain 
which implies that 



[L„ H]=incy' (S2 P, - ^3 Py), (1 1.109) 



L, = CyH^2Pz-^3Py). (11.110) 



It can be seen that is not a constant of the motion. However, the x-component of the total angular 
momentum of the system must be a constant of the motion (because a central electrostatic potential 
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exerts zero torque on the system). Hence, we deduce that the electron possesses additional angular 
momentum that is not connected with its motion through space. Now, 



However, 



so 



which implies that 
Hence, we deduce that 



i^Si = Pi,//]. (11.111) 

[2i,r'] = 0, (11.112) 

[2i,i:i] = o, (11.113) 

[El, 22] = 2123, (11.114) 
[Ei,2:3] = -2iS2, (11.115) 

[El , //] = 2 i c 7^ (E3 - 22 p,), (11.116) 

^il=-Cj'(i:2P,-I^3Py). (11.117) 

L + ^±,=0. (11.118) 

Since there is nothing special about the x direction, we conclude that the vector L + {% 12)11 is a 
constant of the motion. We can interpret this result by saying that the electron has a spin angular 
momentum S = (h 12)11, which must be added to its orbital angular momentum in order to obtain a 
constant of the motion. According to (11.101), the relationship between the electron's spin angular 
momentum and its intrinsic (i.e., non-orbitcil) magnetic moment is 

lx = -^S, (11.119) 

where the gyromagnetic ratio g takes the value 

g = 2. (11.120) 

As explained in Section 5.5, this is twice the value one would naively predict by analogy with 
classical physics. 

11.6 IVIotion in Central Field 

To further study the motion of an electron in a central field, whose Hamiltonian is 

// = -e0(r) + car•p+/3m,c^ (11.121) 
it is convenient to transform to polar coordinates. Let 

r = (x^ + y^ + zy\ (11.122) 
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and 

Pr = x-p. (11.123) 

It is easily demonstrated that 

[r,Pr] = in, (11.124) 
which implies that in the Schrodinger representation 

Pr = -in^. (11.125) 
or 

Now, by symmetry, an energy eigenstate in a central field is a simultaneous eigenstate of the 
total angular momentum 

J = L+^2:. (11.126) 

Furthermore, we know from general principles that the eigenvalues of are j (j + 1) /z^, where j 
is a positive half-integer (since j = \l+ 1/2|, where / is the standard non-negative integer quantum 
number associated with orbital angular momentum.) 
It follows from Equation (1 1.95) that 

(i:-L)(2:-L) = L^ + ii:x(LxL). (11.127) 

However, because L is an angular momentum, its components satisfy the standard commutation 
relations 

LxL = inL. (11.128) 

Thus, we obtain 

(L • L) (E • L) = - /is • L = 7^ - 2^2 • L - — si (11.129) 

However, = 3, so 

(2:-L + ^)2 = 7^ + 1^2 (11.130) 

Further application of (1 1.95) yields 

(S • L) (E • p) = L • p + iS • L X p = iE • L X p, (11.131) 
(L • p)(2: • L) = p • L + iL • p X L = IE • p X L, (11.132) 

However, it is easily demonstrated from the fundamental commutation relations between position 
and momentum operators that 

Lxp + pxL = 2i^p. (11.133) 

Thus, 

(i:-L)(2:-p) + (2:-p)(i:-L) = -2^1: -p, (II.134) 

which implies that 

{i:-L + ;i, E-p} = 0. (11.135) 
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Now, y^H = a. Moreover, commutes with p, L, and L. Hence, we conclude that 

{2:-L + ^, or-p} = 0. (11.136) 
Finally, since /3 commutes with p and L, but anti-commutes with the components of or, we obtain 

[^,or-p] = 0, (11.137) 

where 

^=P(L-'L + n). (11.138) 

If we repeat the above einalysis, starting at Equation (11.131), but substituting x for p, and 
making use of the easily demonstrated result 

Lxx + xxL = 2i;zx, (11.139) 

we find that 

[^,ar-x] = 0. (11.140) 
Now, r commutes with fi, as well as the components of 22 and L. Hence, 

[^,r] = 0. (11.141) 

Moreover, jS commutes with the components of L, and can easily be shown to commute with all 
components of L. It follows that 

[^,y0]=O. (11.142) 
Hence, Equations (11.121), (11.137), (11.141), and (11.142) imply that 

[^,H]=0. (11.143) 

In other words, an eigenstate of the Hamiltonian is a simultaneous eigenstate of ^. Now, 

= \j3(j:-L + n)f = (i:-'L + nf = + ^ n\ (11.144) 

where use has been made of Equation (1 1.130), as well as = 1. It follows that the eigenvalues 
of f ^ are j (j+l)tf- + (1/4) tf- - (j +l/2)^ff-. Thus, the eigenvalues of ^ can be written k %, where 
k = +(j + 1/2) is a non-zero integer. 
Equation (11.95) implies that 

(E • x) (X; • p) = X • p + ii: • X X p = rp^ + is • L 

= rpr + i(fi^-n), (11.145) 

where use has been made of (11.123) and (11.138). 
It is helpful to define the new operator e, where 

re = ar-x. (11.146) 
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Moreover, it is evident that 

[6,r]=0. (11.147) 

Hence, 

r^e^ = ia-xf = ^Yj = = r\ (11.148) 

!j=13 i=l,3 

where use has been made of (1 1.20). It follows that 

6^ = 1. (11.149) 
We have already seen that ^ commutes with or • x and r. Thus, 

[^,6] = 0. (11.150) 

Equation (11.95) gives 

(i:-x)(x-p)-(x-p)(i:-x) = !:• [x(x-p)-(x-p)x] = i^i:-x, (11.151) 

where use has been made of the fundamental commutation relations for position and momentum 
operators. However, x • p = r and E • x = r 6, so, multiplying through by y^, we get 

6 pr - r e = i%r e. (11.152) 

Equation (11.124) then yields 

{e,pA=Q. (11.153) 

Equation (11.145) implies that 

(ar-x)(Qfp) = rp, + i()S^-^). (11.154) 

Making use of Equations (11.141), (11.146), (11.147), and (11.149), we get 

Qr-p = e(/7, -i^/r) + ie/3^/r. (11.155) 

Hence, the Hamiltonian (11.121) becomes 

H = -e<p(r) + c6(pr-in/r) + ic6p^/r+fimeC^. (11.156) 

Now, we wish to solve the energy eigenvalue problem 

Hil/ = Eil/, (11.157) 

where E is the energy eigenvalue. However, we have edready shown that an eigenstate of the 
Hamiltonian is a simultaneous eigenstate of the ^ operator belonging to the eigenvalue k %, where 
A: is a non-zero integer. Hence, the eigenvalue problem reduces to 

\-e (p{r) + c6(pr-in/r) + icnke/3/r+/3meC^]tl/ = Eil/, (11.158) 
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which only involves the radial coordinate r. It is easily demonstrated that 6 anti-commutes with yS. 
Hence, given that /3 takes the form (1 1.28), and that 6^ = 1, we can represent e as the matrix 



!(' = l I. (11-160) 



Thus, writing t// in the spinor form 

Mr) 

and making use of (1 1.125), the energy eigenvalue problem for an electron in a central field reduces 
to the following two coupled radial differential equations: 

(d k+l\ , 

nc\— + \il/b + (E-meC^ + e(f>)il/a = 0, (11.161) 

\dr r I 

d k- 
dr r 

11.7 Fine Structure of Hydrogen Energy Levels 

For the case of a hydrogen atom, 

<^(r) = — ^. (11.163) 
47reo r 



d k-V 

nc\- \il/a-{E + mec' + e(p)il/b = Q. (11.162) 



Hence, Equations (11.161) and (11.162) yield 

'1_ a\ _(d__kj2 
\a2 yj ^ \dy y 

where y = r/uo, and 



^ --U«-f^ + ^k. = 0, (11.164) 



^ +-W.-f^-^Wa = 0, (11.165) 



fli = YT^, (11.166) 
fl2 = Y7^, (11.167) 

with G = E/ (me c^). Here, qq = 4n6o fP' I (m^ e^) is the Bohr radius, and a = e^/(4n fi c) the fine 
structure constant. Writing 

My) = ^f(yX (11.168) 
y 

My) = ^giy), (ii.i69) 
y 
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where 



we obtain 



a = (aia2)^^^= . - (11.170) 



---]f-i^-- + '-\9 = 0, (11.171) 



ai yj \dy a y 

- + / = 0. (11.172) 

\a2 y) \dy a yj 

Let us search for power law solutions of the form 

f{y) = Yj''sy\ (11.173) 

s 

g(y) = Yj<y'' (11-174) 

where successive values of s differ by unity. Substitution of these solutions into Equations (1 1.171) 
and (11.172) leads to the recursion relations 

— -ac,-(s + k)c'^ + — = 0, (11.175) 

ai a 

c' 

'-^ +ac'-{s-k)cs + — = Q. (11.176) 



a2 



Multiplying the first of these equations by a, and the second by ai, and then subtracting, we elimi- 
nate both Cs-\ and c'^_j, since ajai = ax/a. We are left with 

[aa - axis - k)] Cg + [axa + a(s + k)] c\ = 0. (11.177) 

The physical boundary conditions at = require that yt//a ^ and y ifri, ^ as y ^ 0. 
Thus, it follows from (11.168) and (11.169) that f —> and g —> as y —> 0. Consequently, the 
series (1 1.173) and (1 1.174) must terminate at small positive s. If is the minimum value of s for 
which C.V and c'^ do not both vanish then it follows from (11.175) and (11.176), putting s = sq and 
= = 0, that 

ac,, + (so + k)c',^ = 0, (11.178) 

ac:^-(so-k)c,,=Q, (11.179) 

which implies that 

a^ = -s^ + k^. (11.180) 

Since the boundary condition requires that the minimum value of sq be greater than zero, we must 
take 

so = {k^-ay^. (11.181) 
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To investigate the convergence of the series (1 1.173) and (11.174) at large y, we shall determine 
the ratio cjcs-i for large s. In the limit of large s. Equations (1 1.176) and (1 1.177) yield 

^— + — , (11.182) 
a a2 

a2Cs - ac\, (11.183) 

since a ^ 1/137 «: 1. Thus, 

c, 2 

— ^ — . (11.184) 

Cs-i a s 

However, this is the ratio of coefficients in the series expansion of exp(2y/a). Hence, we deduce 
that the series (11.173) and (11.174) diverge unphysically at large y unless they terminate at large 
s. 

Suppose that the series (11 .173) and ( 1 1 .174) terminate with the terms Cs and c'^, so that c^+i = 
c'^^i = 0. It follows from (11.175) and (11.176), with s + 1 substituted for s, that 

— + -=0, (11.185) 

ai a 

d c 

— + -=0. (11.186) 

02 a 

These two expressions are equivalent, because = a\ a^. When combined with (11.177) they give 

a\\aa- {s - = a [02 or + a (^ + \C)\ , (11.187) 

which reduces to 

'la\a2S = a{a\- a'i)a, (11.188) 

or 

£ = [1 + ^] . (11.189) 

Here, s, which specifies the last term in the series, must be greater than by some non-negative 
integer /. Thus, 

5 = / + (A^ - c^f'^ = i + [(j + l/2f - (^^'^. (11.190) 

where 7 (7 + 1)/?^ is the eigenvalue of Hence, the energy eigenvalues of the hydrogen atom 
become 

E ( a' Y'" 

1 + : — ^ • (11-191) 



"^eC^ [ (/+ [(7+ 1/2)2 -0^2] 1/2)^ 

Given that or ^ 1/137, we can expand the above expression in to give 



" =l~~J^-l)*0(a'), (11.192) 



meC^ 2rf 2n^\j+l/2 4 
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where n - i + j + 1/2 is a positive integer. Of course, the first term in the above expression 
corresponds to the electron's rest mass energy. The second term corresponds to the standard non- 
relativistic expression for the hydrogen energy levels, with n playing the role of the radial quantum 
number (see Section 4.6). Finally, the third term corresponds to the fine structure correction to these 
energy levels (see Exercise 7.4). Note that this correction only depends on the quantum numbers 
n and j. Now, we showed in Section 7.7 that the fine structure correction to the energy levels of 
the hydrogen atom is a combined effect of spin-orbit coupling and the electron's relativistic mass 
increase. Hence, it is evident that both of these effects are automatically taken into account in the 
Dirac equation. 



11.8 Positron Theory 

We have already mentioned that the Dirac equation admits twice as many solutions as it ought to, 
half of them belonging to states with negative values for the kinetic energy c + e^*^. This diffi- 
culty was introduced when we passed from Equation (11.16) to Equation (11.17), and is inherent 
in any relativistic theory. 

Let us examine the negative energy solutions of the equation 

+ + ^^^j-Qr2(/ + ^^^)-Qr3(/ + ^^^)-yem.c i/r = (11.193) 

a little more closely. For this purpose, it is convenient to use a representation of the a's and 
in which all the elements of the matrices ai, a2, and 0:3 are real, and all of those of the matrix 

representing /? are imaginary or zero. Such a representation can be obtained from the standard 
representation by interchanging the expressions for o'2 and /?. If Equation (1 1.193) is expressed as 
a matrix equation in this representation, and we then substitute -i for i, we get [remembering the 
factor i in Equation (11. 14)] 



(A*=0. (11.194) 



Thus, each solution, ifj, of the wave equation (1 1.193) has for its complex conjugate, ijj* , a solution 
of the wave equation (11.194). Furthermore, if the solution, ij/, of (11.193) belongs to a negative 
value fox cp^ + 6 0^ then the corresponding solution, ij/*, of (11.194) will belong to a positive 
vdue for - e 0°. But, the operator in (1 1.194) is just what we would get if we substituted -e 
for e in the operator in (11.193). It follows that each negative energy solution of (11.193) is the 
complex conjugate of a positive energy solution of the wave equation obtained from (11.193) by 
the substitution of -e for e. The latter solution represents an electron of charge +e (instead of -e, 
as we have had up to now) moving through the given electromagnetic field. 

We conclude that the negative energy solutions of (11.193) refer to the motion of a new type 
of particle having the mass of an electron, but the opposite charge. Such particles have been 
observed experimentally, and are called positrons. Note that we cannot simply assert that the 
negative energy solutions represent positrons, since this would make the dynamical relations all 
wrong. For instance, it is certainly not true that a positron has a negative kinetic energy. Instead, 
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we assume that nearly all of the negative energy states are occupied, with one electron in each 
state, in accordance with the Pauli exclusion principle. An unoccupied negative energy state will 
now appear as a particle with a positive energy, since to make it disappear we would have to add an 
electron with a negative energy to the system. We assume that these unoccupied negative energy 
states correspond to positrons. 

The previous assumptions require there to be a distribution of electrons of infinite density 
everywhere in space. A perfect vacuum is a region of space in which all states of positive energy 
are unoccupied, and all of those of negative energy are occupied. In such a vacuum, the Maxwell 
equation 

V-E = (11.195) 

must be valid. This implies that the infinite distribution of negative energy electrons does not 
contribute to the electric field. Thus, only departures from the vacuum distribution contribute to 
the electric charge density p in the Maxwell equation 

V-E=-. (11.196) 

In other words, there is a contribution -e for each occupied state of positive energy, and a contri- 
bution +e for each unoccupied state of negative energy. 

The exclusion principle ordinarily prevents a positive energy electron from making transitions 
to states of negative energy. However, it is still possible for such an electron to drop into an 
unoccupied state of negative energy. In this case, we would observe an electron and a positron 
simultaneously disappearing, their energy being emitted in the form of radiation. The converse 
process would consist in the creation of an electron positron pair from electromagnetic radiation. 

Exercises 

11.1 Noting that or, = -fi aifi, prove that the or, and yS matrices all have zero trace. Hence, deduce 
that each of these matrices has n eigenvalues +1, and n eigenvalues -1, where 2n is the 
dimension of the matrices. 

11.2 Verify that the matrices (11.28) and (11.29) satisfy Equations (11.20)-(11.22). 

1 1.3 Verify that the matrices (1 1.26) and (1 1.27) satisfy the anti-commutation relations (1 1.25). 

11.4 Verify that if 

where is a 4-vector field, then 

is Lorentz invariant, where the integral is over all space, and it is assumed that ^ as 

|x| oo. 

11.5 Verify that ( 1 1 .7 1 ) is a solution of ( 1 1 .70). 
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1 1.6 Verify that the 4x4 matrices S,, defined in (1 1.92), satisfy the standard anti-commutation 
relations for Pauli matrices: i.e., 



